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Abstract 



This is a version of the author's diploma thesis written at the University 
of Cologne in 2002/03. The topic is the construction of Seiberg-Witten in- 
variants of closed 3-manifolds. In analogy to the four dimensional case, the 
structure of the moduli space is investigated. The Seiberg-Witten invariants 
are defined and their behaviour under deformation of the Riemannian metric 
is analyzed. 

Since it is essentially an exposition of results which were already known 
during the time of writing, the thesis has not been published. In particular, 
the author does not claim any originality concerning the results. Moreover, 
new developments of the theory are not included. However, the detailed 
account — together with the appendices on the required functional analytic 
and geometric background — might be of interest for people starting to work 
in the area of gauge field theory. 
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Introduction 



1 Historical remarks and background 

Seiberg-Witten theory is a gauge theoretical approach to low dimensional 
topology. By making use of Riemannian geometry and the analysis of partial 
differential equations, one finds smooth invariants of three or four dimensional 
manifolds, thus entering the area of differential topology. 

1.1 Low dimensional topology 

There has been a long standing interest in understanding the structure of 
manifolds. In this process, the dimensions three and four have always played 
a prominent role since an easy classification as in the two dimensional case 
is not possible. On the other hand, the very efficient topological tools which 
have proved useful in the theory of higher dimensional manifolds cannot be 
applied in the dimensions three and four. Among many other results alluding 
to these peculiarities are, for example, the discovery of exotic structures on 
R\ 

At the beginning of the 1980s, the work of M. Freedman gave a new insight 
in the topological classification of simply connected compact 4-manifolds via 
their intersection forms. About the same time, S.K. Donaldson succeeded 
in establishing criteria how the intersection form can prevent a topological 
4-manifold from being smoothable. 

Mathematical gauge theory. The main idea of Donaldson's work is to 
study solutions of the anti self-dual instanton equations — a set of partial dif- 
ferential equations arising from Yang-Mills theory, which describes elemen- 
tary particles in physics. By making use of gauge symmetries, one defines 
the so-called moduli space whose structure reflects much of the underlying 
manifold's topology. It turns out that generically, the moduli space is a finite 
dimensional manifold with boundary except at a finite number of singular 
points occurring at solutions having too much gauge symmetry. By means of 
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establishing a relation between these singularities and the intersection form, 
Donaldson's famous Theorem A excludes certain 4-manifolds from admitting 
a differentiable structure. 

Subsequent work — part of which culminated in the definition of Donald- 
son's polynomial invariants — has emphasized the fruitfulness of the gauge 
theoretical approach to low dimensional topology. As self-contained introduc- 
tions to this development — written by some of the major participants — the 
books of Donaldson & Kronheimer [15] and Freed & Uhlenbeck [17] are 
highly recommended. 

Gauge theory on 3-manifolds. The basic idea of gauge theory is not 
restricted to the four dimensional setting. It thus was soon applied to 3- 
manifolds as well. However, since the anti self-dual equations cannot be 
formulated on a manifold of this dimension, the viewpoint had to be altered 
a little. The critical points of the so-called Chern-Simons function were 
found to be a promising substitute.^ An important concept of this work — 
particularly due to CH. Taubes [52] and A. Floer [16] — is to interpret the 
Chern-Simons function as a Morse function on the space of all gauge fields 
modulo the action of the group of gauge transformations. An invariant is then 
defined in the same manner as in finite dimensional Morse theory: There, 
the Euler characteristic of a manifold can be computed as the signed count 
of Morse indices. The major problems connected with this idea, namely the 
question of how to deal with degenerate critical points and how to generalize 
the notion of the Morse index to an infinite dimensional setting, has success- 
fully been solved by Taubes and Floer. The invariant obtained by using their 
approach turned out to equal the topologically defined Casson invariant. 

In fact, Floer's work went much beyond that. He generalized the concept 
of a Morse complex and constructed cohomology groups associated to the 
Chern-Simons function which yield even more refined invariants. A recent 
monograph by Donaldson [14] gives a detailed exposition of the so-called 
Floer homology groups in the gauge theoretical context. 

Seiberg-Witten theory. While the anti self-dual instanton equations of 
pure Yang-Mills theory are easily written down, the involved calculations are 
complicated due to the non-abelian nature of the symmetry group. In 1994, 
new impulses in mathematical gauge theory came from E. Witten's famous 
article [60] . He announced that a system of partial differential equations — the 
monopole equations which arose in his joint work with N. Seiberg — should 
in some sense be equivalent to the anti self-dual instanton equations. How- 

^At least on homology spheres. 
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ever, the Seiberg-Witten equations have an abehan gauge symmetry and are 
therefore easier to be dealt with from an analytical point of view. For exam- 
ple, Witten proved that the corresponding moduli space is always compact 
so that smooth invariants can be extracted in a much easier way than in 
instanton theory. 

In the subsequent months, many of the results obtained via Donaldson 
theory could be reproved by making use of what was soon called Seiberg- 
Witten theory. For example, P.B. Kronheimer and T. Mrowka established 
a remarkably simple proof of the Thom conjecture [28]. Moreover — as Wit- 
ten pointed out in his original paper — the structure of the Seiberg-Witten 
equations simplify considerably when formulated on Kahler surfaces so that 
the new theory had an instantaneous impact on complex geometry. Soon, 
CH. Taubes managed in a series of papers — starting with [53] — to establish 
deep relations to invariants of symplectic 4-manifolds. Beginning with the 
work of C. LeBrun [30], Seiberg-Witten theory was also found promising in 
answering unsolved questions in Riemannian geometry. 

Although the pace in which new results were obtained decreased after 
a while, Seiberg-Witten theory has become an important tool for studying 
4-manifolds. Nowadays there are not only many survey articles reviewing the 
dawn of Seiberg-Witten theory (e.g. Donaldson [13], Kronheimer [27] and 
recently K. Iga [22]) but also monographs giving a more detailed exposition 
of the theory (e.g. J.W. Morgan [42] and J.D. Moore [41]). The book of 
L.I. Nicolaescu [45] is perhaps the most extensive introduction to the four 
dimensional theory which has appeared until now. M. Marcolli's textbook 
[35] provides a remarkable selection of excellent references for any aspect of 
Seiberg-Witten theory — including the physical background. 

1.2 Seiberg-Witten theory on 3-manifolds 

It was soon realized by P.B. Kronheimer and T. Mrowka in [28] that the 
four dimensional theory can be carried over to 3-manifolds if the Seiberg- 
Witten equations are studied on a manifold M x S^, where M is a compact 
3-manifold. Subsequently, much concentration was focussed on studying the 
new theory from a three dimensional point of view as well. 

Kronheimer and Mrowka found out that as in instanton theory, the partial 
differential equations obtained for 3-manifolds have a natural interpretation 
as the gradient flow equations of a Chern-Simons-like function. Moreover, 
the Seiberg-Witten moduli space of a Riemannian 3-manifold is always com- 
pact. Due to the variational aspects of the theory, it turns out that — up to a 
generic perturbation — the moduli space consists of isolated points. Applying 
Taubes' and Floer's ideas from instanton theory it is thus possible to define 
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the signed count of monopoles, which is again reminiscent of expressing a 
finite dimensional manifold's Euler characteristic in terms of a Morse func- 
tion's critical points. The number obtained in this way is then expected to 
be independent of the chosen metric and the perturbation term. 

It was proved by Y. Lim in [32], for example, that this is indeed true 
for manifolds with first Betti number 61 > 1, whereas in the case bi = 
1 the number depends on a certain cohomological datum encoded in the 
perturbation term. In [38], G. Meng and C.H. Taubes exposed a relationship 
between a version of the Seiberg-Witten invariant and the Milnor torsion 
invariant for manifolds with 61 > 1. 

For rational homology spheres, however, one finds a severe dependence on 
the underlying Riemannian structure and the perturbation term. Neverthe- 
less, there is the possibility of adding a counter term — a certain combination 
of ?7-invariants — to the signed count of monopoles so that the sum obtained 
in this way has the desired invariance properties. It was conjectured by 
Kronheimer and later independently proved by W. Chen [11] and Y.Lim [31] 
that in the case of an integer homology sphere, the number obtained in this 
way equals the Casson invariant. Moreover, for rational homology spheres, 
there is a relation to the so-called Casson- Walker invariant (cf. M. MarcoUi 
& B.L. Wang [37] and L.I. Nicolaescu [46]). 

Seiberg-Witten-Floer homology. Very soon after the appearance of the 
new theory, Donaldson pointed out in [13] that Floer's construction of a 
Morse complex associated to the Chern-Simons function should carry over 
to Seiberg-Witten theory as well. A derivation of three dimensional theory 
from the four dimensional case, pointing out the physical background and 
the connection to topological quantum field theory, was performed by A.L. 
Carey et al. in [10] and made establishing a Seiberg-Witten Floer homology 
even more demanding. 

For manifolds with non-vanishing first Betti number, it was soon accom- 
plished by M. Marcolli in [34] to build-up the Morse complex and prove its 
topological invariance. About the same time, B.L. Wang [56] exposed a se- 
vere dependence on the metric in the case of homology spheres. Subsequently, 
many authors began approaching the problem of defining a unified Seiberg- 
Witten-Floer homology for all 3-manifolds and much of this task seems to 
be solved nowadays (cf. Marcolli & Wang [36] and K. Iga [21]). 
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2 Organization of this thesis 

The goal of this thesis is to present a detailed and largely self-contained 
construction of Seiberg-Witten invariants on closed 3-manifolds. We take a 
purely gauge theoretical point of view and shall not attempt to expose the 
relations to other topological invariants to which we have alluded above. 
In this sense, we restrict ourselves to only one — though the major — aspect 
of three dimensional Seiberg-Witten theory. With a view towards Seiberg- 
Witten-Floer theory, we emphasize the Morse theoretical aspects of the 
constructions but again, a more detailed integration of this far reaching 
subject is beyond the scope of this thesis. 

The organization of the chapters is as follows: 

• Chapter I establishes the gauge theoretical set-up in which the three 
dimensional Seiberg-Witten equations are formulated. 

• Chapter II investigates the topological structure of the moduli space in 
analogy to the four dimensional case. Understanding the local structure 
of the moduli space will then make it possible to define the signed count 
of monopoles in the same way as it is performed in Taubes' work on 
instanton theory. 

• Chapter III is devoted to the analysis of how the signed count of 
monopoles depends on the metric. Following the work of Lim [32], 
Chen [11] and Nicolaescu [43], we shall establish the main theorems of 
this thesis, which prove invariance for manifolds with 6i > 1, provide 
a "wall-crossing" formula in the case bi = 1, and exhibit the severe 
dependence on the metric in the case of rational homology spheres. 

Since gauge theory requires nontrivial geometrical and functional analytic 
constructions, we append short summaries of the material we need: 

• Appendix A contains a survey of the functional analytic aspects of 
nonlinear elliptic equations on compact manifolds. 

• In Appendix B, we present a version of the determinant line bundle 
over the space of Fredholm operators which is needed in gauge theory 
to equip moduli spaces with an orientation. 

• In Appendix C, the notion of spectral flow is recalled, which we shall 
need to exhibit a geometrical interpretation of the orientation of the 
moduli space as the signed count of critical points. 
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• The material needed to understand the geometrical set-up of Seiberg- 
Witten theory is presented in Appendix D. 

Even though familiarity with most of these constructions is assumed, the 
reader is advised to browse through the appendices since it is there, where 
most notations are fixed. 
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Chapter I 

Seiberg-Witten Monopoles 



The Seiberg-Witten equations are formulated within a framework arising 
from spin geometry. They are a set of partial differential equations involving 
a spinor field — the "matter field" — and a connection on a certain Hermitian 
line bundle — the "gauge field" . 

In this chapter we describe the special set-up arising in the three dimen- 
sional context. We follow the notation of Appendix D where an exposition 
of spin*^ manifolds is given. 

To describe the interrelation between the curvature of the gauge field — 
the "field strength" — and the spinor, we have to perform some purely linear 
algebraic constructions. This is the content of Section 1. Having done so, 
we shall formulate the Seiberg-Witten equations in Section 2. With a view 
towards the Morse theoretical approach to three dimensional Seiberg-Witten 
theory, we then interpret solutions to these equations as the critical points 
of a Chern-Simons-like functional. We shall also see how the Seiberg-Witten 
equations fit into the context of elhptic equations. 



1 Algebraic preliminaries 

Spin representation in dimension three. Let (V, g) be an oriented three 
dimensional Euclidean vector space. The complex Clifford algebra CF(V^) 
is isomorphic to M2(C) © M2(C), where M2(C) denotes the ring of (2 x 
2)-matrices. If (61,62,63) is an oriented orthonormal basis of V, then this 
isomorphism has an explicit description, which is given by its action on this 
basis via 
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Here, ex, denote the Pauli matrices 



1\ /O -A \ 



The two non-isomorphic irreducible representations of CF(y) on A := are 
given by i— iuj and i— — «o"j respectively. We require that the complex 
volume element lo^ = — €16263 (cf. (D, 1)) acts as the identity on A, i.e., we 
fix the latter representation^. In particular, Clifford multiplication takes the 
following form: 

c : V End(A), c(ej) = —icrj. 
It is skew Hermitian with respect to the standard metric ( , ) on A. 

The quadratic map. Let G A be a spinor. We define a linear map 
q{^) : V" ^ C by letting q{ip){v) := —|(c(f )■?/', ■?/;). With respect to an 
orthonormal basis: 



qW = -l{c{ej)i: , ij)e^ , (1,1 



where (e^,e^,e^) denotes the dual basis and we take the sum^ over all j. 
Since c{ej) is skew Hermitian, q{ip) is a purely imaginary valued co-vector. 
We thus obtain a quadratic map 

g : A ^ \/* (g)M zM =: iV*. 
Polarization gives the associated M-bilinear map 

^(V^: = 1 (?(^ + </')- Qi-^ - f)) = Im (c(ej)V' , if)eK (I, 2) 
Clifford multiplication extends to iV* via action on the co-vector part, 

i.e., 

c{ia.)ip := ic{va)4', 

where tp E A, a E V*, and denotes the metric dual of a. Observe that 
Clifford multiplication with imaginary valued co-vectors is Hermitian and 
trace- free. In fact, we have 

Lemma (I, 1.1). Clifford multiplication is an isomorphism of M vector 
spaces 

c:iV*^{Te End(A) | T Hermitian, Tr T = 0}. 



^ There is some ambiguity in the Hterature but most authors consider this representation 
as the standard one. 

^Whcn using coordinates we shall always use the Einstein convention, i.e., we sum over 
all indices appearing twice. 
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Proof. The map is injective because c(za)^ = —0(^0)^ = li^apid. Since the 
M vector space of trace-free and Hermitian endomorphisms on A is three 
dimensional, the result follows. □ 

Remark. The trace-free and Hermitian endomorphism given by Clifford 
multiplication with q{ip) is given by 



iqW)=r^^-'M'^d , (1,3) 



which means^ that c{q{il)))'^ = {(p,4')i' — ^I^I^V^ for any spinor if. With 
respect to any unitary basis of A, this endomorphism has the matrix de- 
scription 

cWWj-2(^ 2aP |/5|2-|a|2j' ' [p 

As we shall not use this description, we skip the proof of (I, 3). With the 
explicit representation given by the Pauli matrices the involved computations 
are rather simple. The description (I, 3) is more satisfactory than definition 
(I, 1) because it is invariant of any explicit representation and can easily be 
carried over to other dimensions. However, the definition we gave is much 
more convenient for explicit calculations. 

We endow the M vector space iV* with the scalar product induced by g, 
i.e., we let 

{ia,if3)g := giva^Vp), 

where a,P & V* with metric duals Va.vp. Later on, we shall drop the sub- 
script g for notational convenience. However, for the time being, we keep it 
to distinguish ( , )g from the Hermitian scalar product ( , ) on A. 

Proposition (I, 1.2). For all spinors ip and if the following holds: 

(i) (a , qiip, if))^ = I Re (c(a)?/; , ip) for any a e iV* . 

|2 
I5 



(ii) \q{ip,^)\ = \[\4)\^\^\^-[Re{i^,^)) ). In particular, \q{'4))\g = 



(iii) If ip ^ 0, then if G kerq^ip, .) if and only if if is a multiple of ip by an 
imaginary number. 



■^Observe that we use the convention that Hermitian metrics are complex hnear in the 
first entry. 
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Proof. Let (61,62,63) be an oriented orthonormal basis of iVig)- 

(i) We write a = iaje^ with aj G M. Then 

(a, q{i:,(f))^ = -\iiaje> , z Im (c(6fc)?/^ , ^)e^ 

= —\ aj Im (c(6fc)?/; , (p)6^'' = — ^ Im (c{aje^)tlj , 
= — i Im ^ — ic{iaje^)ip = ^ Re (c{a)ip , 

(ii) Without loss of generahty, we may assume that ip ^ {). If we interpret 
A as a 4- dimensional Euclidean vector space with respect to the real 
scalar product Re(.,.), then the elements iip, c{ei)iip, c{e2)iip, c{es)iip 
form an orthogonal basis of A. We thus have 

3 

This in mind, we conclude: 

3 3 



(iii) According to part (ii), we have 

?(^,<^) = ItpWifil = \ Re {i^lj,ip)\. 

It thus follows from the Cauchy-Schwarz inequality that q{ip, </)) = if 
and only if y9 is a real multiple of iip. □ 

Hodge-star-operator and wedge product. We recall that there is an 
isometry on A'V"*, 

* : A'^V* A^-''V* , A; G {0,...,3}, 

uniquely characterized by the property that 

aA*(3= (a, (3)dvg, a G A''V\ (3 G A^-''V*. 

Here, dvg denotes the oriented volume element of V. The fact that V is three 
dimensional implies that 

*^ = idA«y* • 
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We shall also need the Hodge-star-operator on iA'V*. This is because iR 
is the Lie algebra of Ui and in gauge theory, Lie algebra valued forms play 
a decisive role. We adapt the standard convention and extend * complex 
linearly, i.e., we let *{ia) = i*a, where a G A'V*. This is not to be confused 
with regarding iA'V* as a subspace of A'V^* ® C endowed with the complex 
anti-linear Hodge-star-operator of complex differential geometry. 

Interpreting iM as a Lie algebra, there is a canonical way of defining a 
wedge product on iA'V*. As iM is an abelian Lie algebra, the so defined 
product would, however, vanish. In contrast to the above, we will therefore 
use the wedge product of A'V* ® C. This gives the possibility to form the 
wedge product of an imaginary valued co- vector with a real valued one. Note 
that for a,p e A'V* 

ia MP = -a A p. (I, 4) 

As a consequence of our conventions, a G iA'V* satisfies 

a A *a = —{a, a)dvg. 

2 The Seiberg-Witten equations 

Let (M, g) be a closed,"^ oriented Riemannian 3-manifold. According to 
Proposition (D, 2.11), M admits a spin'^ structure. Fixing a G spin'^(M), 
we let L{a) denote the associated Hermitian line bundle, and let S = S{a) 
be the fundamental spinor bundle over M associated to the Spin'^-bundle 
Pspinc(cr) via the representation chosen in Section 1. Then S{a) is a Hermi- 
tian vector bundle of rank 2 over M. 

The quadratic map q extends to a morphism C°°{M,S) — *• iQ^{M). For 
later purposes we establish a necessary condition for to be co-closed. 

Proposition (I, 2.1). Let A be an arbitrary Hermitian connection on L{a), 
Va the associated spin^ Dirac operator. Then we have the (pointwise) identity 

d*q{ip) = ilm{VA'ip,'ip) . 

In particular, q is co-closed whenever ip is a harmonic spinor. 

Proof. At an arbitrary point Xq, we consider a normal^ frame (ei, 62, 63) with 
dual co-frame (e^,e^,e^). This implies that 

V/(c(e,)^A)(xo) = (c(e,)V»(xo). 

^We use the convention that a closed manifold is a compact and connected manifold 
without boundary. Although the assumption about connectedness is usually not standard, 
we include it here for simplicity of notation. 

^Recall that this means {\7iej){xo) = 0. 
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Using that in the case at hand, d* = — * d*, that A is Hermitian and that 
c(ej) is skew Hermitian, we find that at the point Xq 

d*qiip) = -ld*{c{ei)tlj, ^)e' = \*d* (c(ei)V^, V^)e^ 
= \ * ((c(e,)V>, V^) + (c(e,)V^, V»)e^' A 

= \ ((c(e.) Vf V', ^) - c(ei) Vf ^)) * (e^ A *e^) 
= \[{Va^,^) - {4j,VAtp))*dvg 
= i lm{VAip, 

Note that we have also employed the local description of T>a (cf. (D, 25)) 
and the fact that e* A = S^^dvg. □ 

Let A{a) denote the affine space of Hermitian connections on L{a). We 
define the configuration space as 

C = C{a) := C^{M, S{a)) x A{(t). 

Since A{a) is an affine space modelled on C°°{M,iT*M), the configuration 
space is also an affine space which is modelled on C°° (M, S © iT*M) . To 
make formula clearer and notation shorter we define 

E = E{a) := S{a)®iT*M. 

The group of gauge transformations of a spin'^ structure is (cf. Definition 
(D, 2.12)) 

g :=C°°(M,[/i). 

Its natural operations on C°°(M, S) and A (cf. (D, 16) and (D, 24)) induce 
an action on the configuration space C, given by 

gxC{a)^C{a), 
(7,(^,A)) h-^ (7"V,^ + 27-'ci7). 

We define the quotient of the configuration space with respect to the Q action 
by 

Bia) := Cia)/g. 

The action of ^ on C lifts naturally to C°°{M, E), the tangent space of C at 
an arbitrary point (■?/', A), via 

7 ■ {if, a) := ||^^^^7 ■ (^ + A + ta) = (7-V, a). (I, 6) 
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Definition (I, 2.2). (tp, A) G C{a) is called irreducible if the stabilizer Q(^^a) 
of the Q action at the point {tp, A) is trivial. Otherwise, it is called reducible. 
The subset of irreducible configurations is denoted by C*{a). and its quotient 
with respect to the Q action by B*{a). 

Let 7 7^ 1 lie in the stabilizer G{-^^a), i-e., 7 ■ {'ipyA) = {■ip,A). Then 
= and 2'-f~^d'-f = 0. As M is connected, we deduce the following. 

Lemma (I, 2.3). A configuration {ip,A) is reducible if and only if ip = 0. 
In this case, the stabilizer G[-,p,A) consists of the constant maps M — > Ui. 



The moduli space. We can now formulate the Seiberg-Witten equations. 

Definition (I, 2.4). Let M be a closed, oriented Riemannian 3- manifold 
with spin"^ structure a. For each gauge field A, we let Va denote the spin'^ 
Dirac operator associated to A, and Fa G iVt^{M) the curvature 2-form of A. 
Then a configuration {ip^A) is called a Seiberg-Witten monopole if it solves 
the equations 



Va^J = 
^Fa = 



(I, 7) 



We can interpret Seiberg-Witten monopoles as the zeros of a vector field 
on C. We define the Seiberg-Witten map 

SW : C{a) ^ C~(M,E(a)), {ij,A) ^ (P^^/;, - *Fa). 

Lemma (I, 2.5). The map SW : C — > C°°{M,E) is equivariant with respect 
to the Q-actions (I, 5) and (I, 6) on C and C°°{M^E) respectively. 

Proof. Let (^/;, A) be an arbitrary configuration, and let 76^. Then Lemma 
(D, 3.10) implies 

1^(^+27-^7) (7" V) = ^^a(7"V) + 0(7-^^7)7" V 

= 'y~^VAip + c{d'y~^)il) + c{'j~'^d'y)tp = '^''^Vai/j 

because d'-f~^ = —'j~'^d'-f. Furthermore, since 'j~^d'-f is closed, 

|g(7"V) - *FA+2-y-^d-y = |g(7"V) ' <Fa + ^d^^'di)) = |g(V^) - *Fa . 

Note that in the last equality we have used that q{Xip) = qi'ip) for every 
A e C with lAI = 1. □ 
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In particular, the set of Seiberg-Witten monopoles is a ^-invariant subset 
of the configuration space C and thus, the set 

Mia) := SW^\0)/g C B{(r) 

is a well-defined subset of the set of gauge equivalence classes. A4 is called 
the Seiberg-Witten moduli space associated to the spin'^ structure a on the 
Riemannian manifold (M, g). The subset of Ai{a) given by gauge equivalence 
classes of irreducible monopoles is denoted by Ai*{a) C B*{a). 

Remark. The structure of the moduli space Ai{a) depends heavily on the 
particular choice of g. Whenever we want to stress this dependence on the 
metric, we shall write Ai{a; g) instead of Ai{a). 

Variational aspects of the Seiberg-Witten equations. We will now 

present a special feature of three dimensional Seiberg-Witten theory that 
does not carry over to the four dimensional case: We can interpret Seiberg- 
Witten monopoles as critical points of a Chern-Simons like functional. This 
was firstly observed by Kronheimer and Mrowka in [28]. 

Definition (I, 2.6). For every configuration {ip,A), we define the Chern- 
Simons-Dirac functional 

csd(^. A) := ^ ((t/;, VAi^)dvg +{A- A^) A {Fa + FaS) , 

where Aq is an arbitrary fixed connection on L{a). Observe that csd is M- 
valued since Va is formally self-adjoint. 

Remark. Note that the definition of the Chern-Simons-Dirac functional de- 
pends on the choice of Aq so that we should write csd^o- However, if Ai is 
another fixed connection on L{a), then a short calculation shows that 

csd^i - csdAo = - / -^Ai A {Ai - Aq) , 

i.e., the value of csd is well-defined up to an additive constant. Since we 
are only interested in critical points of csd we shall not bother stressing the 
dependence on Aq. 

We endow the M vector space C°°{M,E) with the pre Hilbert scalar 
product induced by the scalar products ( , ) on S and ( , )g on iT*M, i.e.. 
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for {ip,a), {<^',a') G C^{M,E) we let 

= / Re{(p,(p')dvg + / {a,o!)gdvg. 
J M Jm 

Proposition (I, 2.7). T/ie ma]9 SW : C ^ C°°{M, E) is the gradient of the 
Chern- Simons- Dirac functional with respect to the scalar product, i.e., for 
{tp.A) e C and ((^, a) G C^{M,E): 



r/ie Hessian o/csd (■?/;, A) is the formally self- adjoint first- order differential 
operator 

F^^,A) := D^^^A) SW : C°°(M, ^ C°°(M, E), 

given by 

F{i,,A) (V^' = i'^A^ + lc{a)ip, q{ip, ip) - *da) . (I, 8) 

Proof Let ((^, a) G C°°{M,E). Then 
IL^o csd(V^ + A + to) 

= IL=o^ / (^e{i; + t^,VA{^ + tip) + ^cita)iij + tip))dVg 
+ {A + ta- Ao) A (F^ + tda + Fa^] 
Re (<y5 , VAip)dvg + Re ('?/' , P^c/? + ^c{a)'ip)dvg 

+ a A (Fa + F^J + (A - Aq) A daj 
(V3 , VA^p)dVg + ^ / Re (?/^ , ic(a)^/^)rfwg 

+ + (A- v4o, *da)^dvg 



+ tif,A + ta) = ( SW(7/;, A) , a))^^- 



1 

2 ./M 



where we have employed formal self-adjointness of Va and formula (I, 4) in 
the last line. Formal self-adjointness of *d on 1-forms and Proposition (I, 1.2) 
show that this equals 

Re {VAi^ + ihW ' - ^( * (^^ + ^^o) + *di^ " ^o) , a)^^ 

= Re {Va^^ ' ¥')l2 + illW - *Fa , a) ^2 
= (SW(V;,A), (^,a))^2- 
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The Hessian at {tp, A) is computed as follows: 

SW{if, a) = il^, SWi^ + tif,A + to) 

= [Va^ + |c(a)^, q{ip, if) - *da) . 

Observe that we have used that the differential of q at the point is given 
by 

D^q{i^) = 2q{^lj,ip). 
As it is the Hessian of csd, formal self-adjointness of is immediate. □ 

Our main interest lies in gauge equivalence classes of critical points of 
the Chern-Simons-Dirac functional. However, one major observation is that 
csd : C — ^ M is not gauge invariant. In fact, 



CSi 



d(7 ■ A)) = csd(^A, A) - Stt^ / [^,i-'d^] A c(a), (I, 9) 



M 



where c{a) denotes the canonical class of the spin^ structure a (cf. Definition 
(D, 2.3)). 

Proof. Since d{'j~^d'y) = and d'j~^ = —j'^d'j we have 

csd(7 ■ (^, A)) =1^^ ((7-V, 2^a(7-V) + |c(27-M7)(7-V))t^^^, 

+ {A + 27-^^7 - Ao) A (Fa + Fa,)) 
= \ ((7" V, l-'VAi^)dvg + {A- A,) A {Fa + FaS) 
+ / 7"'c?7A(Fa + Fao) 

J M 

Since 7""^ acts unitary and [Fa\ = [Faq] = 27iic{a), 

csd(7 ■ (^, A)) = csd(^. A) - Svr^ [ [^^^-'d^] A c{a). □ 

According to (D, 15), the class [2^7~^'^7] belongs to H\j^{M;'L) which is 
the image of H^{M; Z) in H\^{M\ M). The same applies to c{a). Therefore, 
the integral over [2^7~^c?7] A c{a) is integer valued and vanishes for all 7 
only if c(cr) is a torsion class. 
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Hence in the general case, the Chern-Simons-Dirac functional descends 
to as a function with values in R/(87r^Z). Whenever we want to refer to 
this phenomenon, we shall usually view csd as a function 

csd : i3 ^ 

We now want to linearize the action of the group of gauge transforma- 
tions.^ As the Lie algebra of Ui is iM, infinitesimal gauge transformations 
are smooth maps M iM.. 

Proposition (I, 2.8). Ifijp.A) e C, the ''derivative" of the action map 

g^C, 7 7 ■(?/;, A) 
7 = 1 is the first- order differential operator 

G(^,A):C°°(M,«)^C7°°(M,E), 

given by 

Gi^,a)if) := il^^expitf) ■ i^P,A) = i-f^,2df). (I, 10) 

The formal adjoint of G(^,^^a) with respect to the scalar products is 

Gl^,A)i^^o.) = '2d*a- ilm{(p,'ip). (I, 11) 

Proof Let / G C^{M,iR). Then 

il^,exp{tf) ■ {tP,A) = ||^^^(exp(-t/)^, A + 2 exp(-t/)dexp(t/)) 

= (-/^, 2df). 

To calculate the formal adjoint of G(^^^a), we now let {f,a) G C'^{M, E). 
Then, recalling that / is imaginary valued, we find 

((V9, a) , G(^,A) (/)) ^2 = Re(v9, -f'ip)L^- + (a, 2rf/)i2 

= {2d*a-ilm{ip,^), f)^,. □ 



^In the next chapter we shall see that if we consider suitable Sobolev completions, 
the group of gauge transformations is a Banach Lie group which acts smoothly on the 
configuration space. Hence, taking the differential of the action is meaningful. For the 
time being, we will perform the involved calculations only formally. 
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The elliptic complex. If [tp, A) is a monopole, then SW(7 ■ [ip, A)) = for 
every j E Q. Taking derivatives at 7 = 1 yields -F(^,a) ° C^O^A) ~ 0' 
obtain a complex 

^ C°°{M, zR) C°°{M, EQiR)^ C^{M, E) 0, (I, 12) 

where we denote the map / {G{f), 0) a little inaccurately also by G. This 
is a complex of first-order differential operators. Associated to (1, 12) there 
is the rolled-up operator 

This operator is well-defined, irrespective of whether {ip, A) is a SW- 
monopole or not. Explicitly, it is given by 

'lc{a)ip - fip'^ 










)i 


a 











Tii,,A) |«| = |0 -*d 2d \ \a\ + { q{ij,ip) | . (I, 14) 

-i lm(y9, 

Proposition (I, 2.9). For each configuration {ip,A), the differential opera- 
tor T{^^^a) is elliptic and formally self-adjoint. Hence, if{tp,A) is a monopole, 
the complex (1, 12) is elliptic, i.e., the associated sequence of principal sym- 
bols is exact. 

Proof. To prove ellipticity, we only have to consider the first-order term of 
T{ii,,A)- According to the explicit description (I, 14), this term splits into the 
elliptic operator Va : C°°(M, S) C°°{M, S) and the operator 

(^2d*^ ^0^) • ® *) ^ C'~(M, iT*M © iR). (I, 15) 

To prove ellipticity of the latter operator we use the rolled-up operator of 
the deRham complex 



This is an elliptic operator given by 

^d* d\ _ f *d* d 
d 0) ^ [ d 



: ® Q'^ ^ ® Q-^ 



Here, we are using the explicit description of d* on 3-manifolds. The operator 
(1, 15) is elliptic because it can be obtained from the above elliptic operator 
by a combination with bundle isomorphisms in the following way: 

^ (*d* d] (-id ) 

n^^n' fi2g3^o ^^0; n'^n'^ fi^efi". 
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Therefore, the first-order term of T(^ji,,a) is the direct sum of two elliptic op- 
erators, which shows that T(^^p,A) is also elliptic. The assertion about formal 
self-adjointness is an immediate consequence of formal self-adjointness of 

Remark. In four dimensional Seiberg-Witten theory, the geometric origin 
of the complex corresponding to (I, 12) is more transparent since one does 
not have to add the term G to the operator F in order to have ellipticity. 
Later, when we are going to study the local structure of the moduli space in 
Section II. 4, the nature of (I, 12) will become clearer. 
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Chapter II 



The Structure of the Moduli 
Space 

To understand the structure of the Seiberg-Witten moduh space, we have to 
endow the configuration space and the group of gauge transformations with 
suitable topologies. As the objects of our study are solutions of a system of 
partial differential equations, it is natural to do this via Sobolev spaces. We 
can then exploit the powerful machinery provided by the theory of elliptic 
equations on compact manifolds to prove remarkable topological properties. 
The material we need is summarized in Appendix A. 

The organization of this chapter is as follows. Section 1 introduces the 
functional analytic setting. It turns out that Q can be made a Banach Lie 
group acting smoothly on C. In Section 2, we analyse the action of Q on 
C using the situation occurring for proper actions of finite dimensional Lie 
groups as a guideline. We establish the Hausdorff property of the quotient 
and a slice theorem which shall provide the irreducible part of B with the 
structure of a Banach manifold. 

Moreover, we will see in Section 3 that the moduli space is a se- 
quentially compact subset of B. This contrasts the corresponding result in 
instanton theory, where the moduli space has to be compactified through a 
complicated procedure (cf. Donaldson & Kronheimer [15] or Freed & Uh- 
lenbeck [17]). This is one of the reasons why Seiberg-Witten theory is con- 
sidered as a simplification of Donaldson theory. Making use of the implicit 
function theorem we will then observe in Section 4 that the irreducible part 
of the moduli space is usually expected to be a submanifold of dimension 
zero. Therefore, in the absence of reducible monopoles, A4 consists solely 
of finitely many points. Finally, we shall use this observation to define an 
orientation of the moduli space in Section 5. There is a general procedure, 
introduced by Donaldson in [12], to endow gauge theoretical moduli spaces 
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with an orientation. This apphes to Seiberg-Witten theory as welL Using 
the Chern-Simons-Dirac functional, we shall then interpret the signed count 
of monopoles obtained in this way as an Euler characteristic associated to 
the irreducible part of the quotient B. 

The presentation of the topological aspects we are giving is an imitation 
of the corresponding results in four dimensional Seiberg-Witten theory as 
they are presented, for example, in the monographs by J. Morgan [42] and 
L.I. Nicolaescu [45]. The discussion of the local structure and the orientation 
of the moduli space follows the work of CH. Taubes [52] and W. Chen [11]. 

1 Functional analytic set-up 

Suppose that M is a closed, oriented Riemannian 3-manifold with spin'^ struc- 
ture a. Let Ll{M, S) denote the sections of the spinor bundle S{a) which are 
of Sobolev class 1, and let ^i(cr) be the affine Hilbert space of L^-connections 
on L{a), i.e., 

Ai{a) ■.= {Ao + a\ae LI{M, iT*M)}, 

where Aq is a fixed C°° gauge field. Because of the affine structure of A, the 
definition of ^1(0") is independent of the particular choice of Aq. Then the 
configuration space 

Ci(a) ■.= Ll{M,S{a))yiA,{a) 

is a real affine Hilbert space modelled on L\{M, S © iT*M). As the group of 
gauge transformations we now take 

g2:=Ll{M,\J,), 

which is the set of functions 7 : M — > C of Sobolev class 2 that take values 
in Ui. Note that this definition makes sense since on 3- manifolds, L2 embeds 
in C° (cf. Theorem (A, 1.1)). The moduli space Ai carries the topology 
induced by the quotient topology on Bi = 

Remark. As we shall see below, the Sobolev orders we are choosing are 
motivated by the consideration in Example (A, 1.4): It must be guaranteed 
that there are continuous Sobolev multiplications 

LlxLl-^ Ll and Ll x L^ Lf, 

where k and / are the Sobolev orders associated to gauge transformations 
and configurations respectively. Since this depends on the dimension of the 
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underlying manifold, one has to choose k and / differently in four dimensional 
Seiberg-Witten theory. However, some authors assume higher Sobolev orders 
in the three dimensional case as well which simplifies some proofs. Although 
we will see in Section 3 that the structure of the moduli space does not 
depend on the particular choice, we do not avoid the slightly bigger effort of 
working with the lowest possible Sobolev orders as this will allow some of 
the involved differential operators to be defined on their natural domains. 

Differentiability properties. We now want to establish the basic set-up 
for performing calculus in the given framework. 

Lemma (II, 1.1). The quadratic map ip h- q{ip) induces a smooth map 

q : Ll{M, S) L'^{M, iT*M). 

Ifk> 2, we obtain a smooth map q : Ll{M, S) Ll{M, iT*M). 

Proof. Since M is three dimensional. Proposition (A, 1.3) guarantees that 
there is a bounded Sobolev multiplication Li x Li —>■ L"^. The first assertion 
then immediately follows because q{i/j) is a quadratic expression in ijj. For 
k > 2 we deduce from Example (A, 1.4) that there is a bounded Sobolev 
multiplication L\ x L\ ^ L'j. associated to any bilinear map. This yields 
smoothness of q : L|(M, S) Ll{M, iT*M) in this case as well. □ 

Proposition (II, 1.2). The Chern- Simons- Dirac functional csd : Ci — M 
is a smooth map. Its L'^-gradient SW extends naturally to a smooth map 
Ci L^{M, E). For any {ip, A) G Ci, the Hessian F{^^^a) defines a symmetric 
operator in L^{M, E) with domain Ll{M, E). 

Proof. Since Jj^j : L^{M,A^T*M) -> M is smooth, we have to estabhsh that 
the integrand of the Chern-Simons-Dirac functional is a smooth map Ci 
L^{M,A^T*M). For this, we have to prove first that 

Ci^L^(M,M), (V^,A) h-> Re(V^,pA^) 

is smooth. Smoothness of the multiplication x — > L^ shows that it 
suffices to establish that for a fixed C°° gauge field Aq, the map 

Ll{M, E) ^ L\M, S), (7/;, a) ^ Va.^^ + |c(a)V' • 

is smooth. induces a bounded linear — and consequently a smooth — map 
Ll{M, S) L'^{M, S). As we have already seen before. Proposition (A, 1.3) 
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shows that the second term also yields a smooth map L\[M, E) — > L'^[M, E). 
Secondly, we have to show that 

A ^ L\M, A^T*M), A^{A-Ao)A {Fa + F^,), 

is smooth. Since there is a Sobolev multiplication Li x L"^ L^, this easily 
follows from smoothness of 

Ll (M, iT*M) (M, AHT*M) , a ^ F^o + da. 

From the above considerations and Lemma (II, 1.1), one also concludes that 
the LF' gradient SW extends to a smooth map Ci L'^{M,E). Since the 
computations of Proposition (I, 2.7) in the last chapter remain valid for Lf 
configurations, the extension of SW is the gradient of csd : Ci — M.^ 
Moreover, the differential of SW at A) G Ci is again given by formula 
(I, 8). Since this is a formally self-adjoint first-order differential operator, 
it extends to an unbounded symmetric operator in L'^{M,E) with natural 
domain Ll{M, E). Notice that the zero-order term of F(^^^a) is possibly non- 
smooth. Then, however, it is easy to check that the multiplication rule 
L\xL\ guarantees that is still well-defined as a bounded operator 

Ll{M,E) ^ L'^{M,E). ' □ 

Proposition (II, 1.3). The group of gauge transformations Q2 is a Banach 
Lie group modelled on L^M, iM), and its action on Ci is smooth. 

Proof. Sobolev multiplication (A, 1.4) guarantees that multiplication of com- 
plex functions on M extends to a smooth bilinear map 

Ll{MX) X Ll{MX) Ll{MX)- 

Like in finite dimensional Lie group theory, the implicit function theorem — 
which is also valid in Banach spaces — guarantees that taking the inverse of 
an invertible function / G L\{M., C) is a smooth map, defined on the subset 

LliMXl ■■= {/ G LliMX) I y.eM : f{x) G C*}. 

Note that this set is well-defined since there is a continuous embedding of 
L|(M, C) in C°(M, C). Moreover, with respect to this embedding, L^(M, C*) 
is the preimage of the open subset C^{MX*) of C°(M, C) and is therefore 
open in L2{M, C). Hence, L2{M, C*) is a Banach Lie group. 



^However, SW is not a gradient vector field with respect to the natural metric on Ci, 
given by the scalar product on ( M, E) . 
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We now want to show that it contains Q2 = -^2(^5 Ui) as a closed Lie 
subgroup. For this it suffices to estabhsh that Q2 is a closed submanifold 
of L|(M, C*). This shall be done by constructing local charts of Ll{M, C*) 
mapping 02 to the real subspace L^(M,iM) of L^(M, C). Note that this 
subspace is closed — again because of the embedding of in C°. 

Let C~ := C \ (—00, 0]. Then the set 

Ll{M, C-) := {/ G Ll{M, C) | W,^m : f{x) G C"} 

is an open subset of L^M, C*). If we let 

y := M X (-Z7r,z7r) C C, 

then exp \ v '■ V ^ is a diffeomorphism. This in turn induces a diffeomor- 
phism 

exp : LliM, V) ^ L^M, C"), / ^ exp(/), 

where L2{M, V) is defined in the same manner as L2{M, C*) and L^lM, C~) 
above. Clearly, 

exp (^Ll{M, V) n Ll{M, = Ll{M, n Ll{M, Ui). 

Multiplication by an element of L^M, Ui) induces a diffeomorphism of 
L|(M,C*). Hence, for arbitrary 7 e Li(M, Ui), the set 7 ■ L^(M,C-) is 
an open neighbourhood of 7 in iv|(M, C*). As a consequence, 

7 ■ exp : L2(M, V)^j- LI{M, C"), / 7 " exp(/), 

is a diffeomorphism satisfying 

(7-exp)(L2(M,y)nL2(M,iM)) = (7 ■ ^^(M, C")) n L2(M, Ui). 

Since L|(M, Ui) can be covered by sets of the above type, it is a closed 
submanifold of L|(M, C*) modelled on L|(M,2M). 

According to Example (A, L4), there is a smooth multiplication 

L2 X — i> L^. 

Hence, the action of Q2 on Ll{M,S), which is given by (7, V^) ^ is 
smooth. Q2 acts on the space of gauge fields via (7, A) A + 2'y~^dj. As 
d : I/|(M, C) L\{M, C) is a bounded linear operator, it follows again from 
Example (A, 1.4) that the map 

Ll{M, Ui) ^ L\{M, zT*M), 7 ^ -f-'d^, 

is smooth. Thus, the Seiberg-Witten configuration space is acted on smoothly 
by e?2. □ 
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We are now in the position to make the considerations in Proposition 
(I, 2.8) more precise. Let [ip, A) G Ci. Since the action of Q2 on Ci is smooth, 
we may take the derivative of the map 

Ci, 7 t-^ 7 A). 

The formal calculation in loc. cit. shows that this results in the bounded 
linear map 

: L2(M,«) ^ Ll{M,E), f ^ (-/^,2rf/), 
where — as always — we are using the abbreviation 

E:= S® iT*M. 

Notice that above is not defined on its natural domain L\{M^ iM). We 

shall, however, consider G(^^a) as a closed operator L^(Af, iR) L'^{M,E) 
with domain L^(M, iR) restricting to L^M, iM) whenever it is necessary. In 
the same way, shall always denote the functional analytic adjoint of 

G(^^A)- When restricted to L\{M,E) it coincides with the natural extension 
of the formal adjoint (I, 11). 

We will now turn to the extension of the elliptic operator Ti^^^a) which 
was defined in (I, 13) for smooth (?/;, A) as 

Then T(^^^) is also well-defined as an operator in L'^{M, E(BiM.) with natural 
domain Ll{M,E ® iR). Our aim is to show that T(^ip,A) is a self-adjoint 
operator with compact resolvent. Fixing a smooth gauge field Aq and writing 
A = Aq + qq, we let 

K{4,,ao) '■= ^(V,Ao+ao) - ^(0,Ao)- 

Since Va = Va^ + |c(ao), formula (I, 14) shows that 

^(^,ao) U = ^('^^V) h « e L?(M,E©zR). 

V// V -nm(^,^) / V// 

Using the considerations at the end of Appendix A as a guideline, we now 
need to ascertain the following: 

Lemma (II, 1.4). For any (ip^ao) G L\{M^E), the operator 

K^^^ao) ■ Ll{M, E®iR)-^ L\M, E © iR) 
is compact and symmetric with respect to the scalar product. 
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Proof. From the explicit description of K(^^^ao) we deduce that the assertion 
of the lemma reduces to the claim that multiplication by an element of L\ 
yields a compact operator L\ L? . 

Carefully checking the assumptions of Proposition (A, 1.3), we obtain a 
continuous Sobolev multiplication 

provided that p G (1, |). If in addition p > |, we have 1 — ^ > — |, and 
the Rellich-Kondrachov Theorem (A, 1.2) implies that L\ embeds compactly 
in L^. Then the desired compactness property follows. The symmetry with 
respect to the scalar product is an immediate consequence of the definition 
of K{^^^ao) as the difference of two symmetric operators. □ 

Invoking Theorem (A, 2.9) about relative compact perturbations of op- 
erators with compact resolvent, we can now draw an important conclusion: 

Proposition (II, 1.5). Let ('?/', A) G Ci. Then the operator T(^^a) induces 
a self-adjoint operator in L'^{M,E © iM) with domain L\{M^E © iR), i.e., 
using the notation of (C, 3), 

%,A) e ^sa{L\{M,E®i^),L^{M,E®iM)). 

Moreover, T(^tp,A) has compact resolvent and thus discrete spectrum. In par- 
ticular, it is a Fredholm operator. 

According to the considerations in App. C, Sec. 1, J^sa is an open subset 
of the Banach space ^sym which is the space of symmetric operators with the 
same fixed domain. Hence inherits the structure of a Banach manifold 
if endowed with the operator norm topology. With respect to this, we have: 

Proposition (II, 1.6). The assignment (ipjA) T(^ip,A) defines a smooth 
map 

Ci{a) ^sa{LliM, E®iR), L\M, E © «)) , 

Proof. Since J^sa is an open subset of ^sym, it suffices to insure that the 
assignment 

Ll{M,E) ^^syn,{Ll{M,E(SiR),L\M,E®tR)), (z^, ao) ^ i^(^,ao) 

is smooth. By linearity of this map, smoothness is equivalent to continuity. 

Using the continuous Sobolev multiplication Lf x Lf ^ L"^, one straight- 
forwardly obtains 

||^(V,ao)(9',a,/)||^2 < const-||(?/',ao)||^2 ■ || (v?, a, /) ||^2 . 
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Therefore, we can estimate the operator norm by 



-f^(V,ao)|| r2 T2 = sup 



|-^(^,ao)(V5,a, 


/)| 


Il2 









< const ■ (^/', Oo) 



which ensures continuity of {ip, ao) ^ K(^^^ao)- D 

2 Topology of the quotient space 

Our next aim is to investigate the topology of the set of configurations mod- 
ulo gauge equivalence, i.e., of the quotient Bi = The first observation 
is that Bi is second countable since its topology is defined as the quotient of 
an affine space modelled on a separable Hilbert space. 

The Hausdorff property. When studying the quotient of group actions 
G X X —>■ X , the situation simplifies if G acts properly on X, i.e., if the map 

G X X X X X, {g,x) (x, gx) 

is proper.^ Recall (e.g. from [55], Sec. 1.3) that the quotient X/G of a proper 
group action is always a Hausdorff space. The following (simple) criterium 
is useful in our context: 

Lemma (II, 2.1). Let G x X X be a (topological) group action. Suppose 
that all stabilizers are compact and that for all sequences (x„) in X and (gn) 
in G the following holds: 

If Xn ^ X and gnXn —* y, then there exists a convergent subse- 
quence of (gn) whose limit point g & G satisfies gx = y. 

Then G acts properly on X . 

Proposition (II, 2.2). The group Q2 acts properly on Ci. In particular, the 
quotient Bi is a Hausdorff space. 

Proof. We use the criterium in Lemma (II, 2.1). Let ((?/'„,74„)) and (7^) be 
sequences in Ci and Q2 respectively. Suppose that there exists {ipQ, Aq) and 
(■?/;, A) inCi such that 

(V'n, An) ^^-^ {tpo, Ao) and 7„ ■ {ipn, An) ^^-^ {iIj, A). 
^This means that the map is closed and that preimages of points are compact 
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In particular, 

||7-Vn-^|L. (II, 1) 

and, if we let a„ := An — A, 

\\An + 2^-'d^n - A\\,, = \\an + 27-id7„|L, 0. (II, 2) 

Since multiplication with a gauge transformation does not change the 
value of ||.||lp, we deduce from the continuous embedding Lf ^ that 



||c?7n||^4 = ||7„^f^7n||^4 < const ■||7„M7 

< const -(llanllj-^ + ||a„ + 27;'^d7„||^2) 



(11, 3) 



where in the last line we have employed the triangle inequality. As a con- 
vergent sequence, (a„) is bounded in Lf. We thus conclude from (II, 2) that 
((i7„) is a bounded sequence in (and hence also in L^). To obtain an L^- 
bound on (7^) it remains to consider the sequence of the second derivatives. 
Viewing (7^) as a sequence in Ll{M] C), we have 



V27„ = V{d-fn) e L\M,T*M^^ ® C). 



Note that 



V(rf7„,) = 7nV(7„ M7„) - 7nC?7„, ^ ® din 

Since d'j~^ = — 7~^((i7„), the (pointwise) norm of the second summand is 
equal to |(i7„p. Therefore, 



|V(rf7„)||^2 < ||V(7„^ci7„)||^2 + ||d7„^ ® rf7„||^2 

< ll7r:'^^7n||L? + IM7n||i4. 



[11, 4) 



As we have seen in (II, 3), the right hand side of (II, 4) is bounded so that 
we obtain the desired L|-bound on (7^). 

The Rellich-Kondrachov Theorem (A, 1.2) now implies that embeds 
compactly in Lf. We can thus find a subsequence of (7^) which converges in 
Lf. Additionally, according to (II, 4), the sequence (V(c?7„)) is bounded in 
the Hilbert space L'^{M,T*M^'^ ^ C). Hence, (7„) contains a subsequence 
such that the second derivatives are weakly convergent in L^. Without loss 
of generality, we may therefore assume that (7^) converges strongly in Li 
to, say, 7 and that (V((i7n)) converges weakly in to, say, 77. This implies 
that V((i7) = r] weakly in L^. As V o d is injectively elliptic, we have 
7 GL2(M, Ui). 

It remains to show that 7 ■ {ipo, Ao) = {ip, A), i.e., with a := Aq — A, that 
I'^i^o = and 2dj + 7a = 0. 
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Equations (II, 1) and (II, 2) guarantee that {'Jn^'^n) ip in L"^ as well as 
2d'-fn + InO-n ^ in L^. On the other hand, continuity of the multiplication 
Lf X Lf ^ shows that the sequence (7^Vn) converges to 7~"^'?/^o in 
and d'-)n — ^ d'-f as well as 7nan — > 7a in L^. Hence, uniqueness of the limit 
points implies the above formulas. □ 



Local slices for the action. In this paragraph we shall establish a slice 
theorem for the action of Q2 on Ci, analogous to the well-known situation 
from the theory of finite dimensional Lie group actions (cf. [55], Sec. 1.5): 
For every (■?/;, A) G Ci we are looking for a subspace 

complementary to the tangent space of the orbit Q2 ■ (^;^)- We wish to 
model nearby orbits by Q2 x S(^^^a) , making use of the natural map 

TT : ^2 X Ci, 7r(7, {if, a)) = 7 ■ ((V^, A) + {ip, a)) 

= (7-V + 7~V,^ + a + 27-M7). ^ ' ' 

Clearly, if (?/;, A) is a reducible configuration, the map vr cannot be injective. 
Therefore, S(^^^a) has to be chosen to be invariant under the natural action 
of the stabilizer G{^,a) ■ We will then have to study 

Since the action of the stabilizer on T(^^^)Ci = L\{M,E) is orthogonal with 
respect to the metric, a natural choice for S(^^^a) is provided by taking 
the orthogonal complement of the tangent space to the gauge orbit. This 
tangent space is essentially the image of the differential of action map, i.e., 
the image of (cf. (I, 10)) 

G'(^,A) : L^(M,zM) ^ L?(M,i?), / ^ {-ftP,2df). 

As the leading term of G(^,a) is injectively elliptic, we infer from the Hodge 
decomposition (A, 5) that there is an L^-orthogonal splitting 

LliM,E) = im(G(^,^)|i.) ©ker(q^,^)|i2). (II, 6) 

Recall from Proposition (I, 2.8) that for (v?, a) G L\{M,E), 

<^(V.,A)(v^>a) = 2d*a - z Im(v9, V^). 

Definition (II, 2.3). For all {ipiA) G Ci we define the local slice of the 
^2-action at the point {ip, A) as the subspace 

:=ker(q^,^)U.)cL?(M,i?). 
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Lemma (II, 2.4). For every {ip,A) G Ci, the local slice S(^^^a) is Q{^,a)- 
invariant. 

Proof. If {ip,A) is irreducible, the stabilizer is trivial. For reducible A), 
i.e., if z/^ = 0, we have 

%^) = L2(M,5)©ker(ci*|i2). (11,7) 

Recall from (1, 6) that Q2, and hence also Q{^^a), acts only on the spinor part 
of Ll{M,E). Therefore, (II, 7) is invariant under the action of Q(tp,A)- D 

The stabilizer acts on Q2 x S(^^^a) via 

■ (7, (v^, a,)) ■= (7A"\ A ■ (v9, a)) = (7A"\ (A" V, a)), A G 

One readily checks that the natural map (II, 5) is ^(^^A)-iiivariant thus fac- 
toring to a map 

To lift the ^2-action on Ci to Q2 x 'S'(^,a) we let Q2 act from the left on the 

first factor, i.e., for (7, (</?, a)) G ^2 x and 7' G Q2 we let 

7' ■ (7, (<^,a)) := (7'7, (<^,a)). 

Then vr is clearly ^2-equivariant. Moreover, the actions of Q2 and Q{iI},a) on 
^2 X S{^,i,^A) commute so that the quotient Q2 Xg^^ ^ii^,A) inherits a ^2-action. 

Lemma (II, 2.5). Let {tp,A) G Ci. The differential 

D(i,o)7r : Ll{M, «) © LI{M, E) 

of n at the point (1,0) G ^2 x Si^^^a) is surjective, and 

ker(L'(i,o)7r) = kei {G(^^^a)\l^J © {0}. 
Proof. The differential at the point (1,0) is given by 

D(i,o)7r(/,^,a) = il^^expitf) ■ ((^, A) + a)) 
= G(^,A){f) + {^,a). 
Hence, surjectivity of -D(i o)7r is immediate from the decomposition 

L\{M,E) = im(G'(^,A)|L2) © %,A), 
given in (II, 6). Moreover, as the above decomposition is direct, 

G(^,A){f) + (v^, a) = G(^^A){f) = and ((/?, a) = 

which proves the second assertion. □ 
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Proposition (II, 2.6). For each (ipjA) G Ci there exists a Q(^^^Ayinvariant 
open neighbourhood V o/(l,0) in Q2 x S(^^^a) such that 

(i) 7r|v is a submersion. 

(ii) The fibres of ii\v are in 1-1 correspondence with the Q(^^^a)- orbits. 
Proof. We have to study two cases: 

Case 1: A) is irreducible: In this case ker(G(^ y^)) = so that according 
to the preceding lemma, the differential of tt at (1,0) is an isomorphism. 
Invoking the inverse function theorem for Banach manifolds we conclude 
that there exists a neighbourhood V of (1,0) in Q2 x such that 7r|y 

is a diffeomorphism onto its image. As G{^,a) = {1}, the set V is clearly 
^(^^^)-invariant. 

Case 2: ('?/', A) is reducible, i.e., = : Lemma (II, 2.5) ensures that the 
differential of vr at the point (1, 0) is surjective. Invoking the implicit function 
theorem, we deduce that this holds true also on an open neighbourhood V 
of (1,0). Obviously, V can be chosen to be ^(o,A)-invariant since otherwise, 
we may consider ^(o,a) ■ ^ ■ Note that the differential of vr is still surjective 
on that set because vr is ^(o,yi)-invariant. 

It remains to prove the second assertion in this case. Suppose we have 
(7i, ipi, Qi) e V such that vr(7i, ipi, ai) = vr(72, (p2, 02). Then, since V = 0, 

(7rVi, 0,1 + 27^^71) = (72" V2, 02 + 273^^6/72). 

Defining 7 := 7^^7i, we can express this alternatively as 

(fi = ^~^^2 and 02 — ai = 27""^ ^7. (II, 8) 

Then part (ii) is established provided that 7 G Q{q^a)^ i-e., that 7 is constant. 

Recall from (D, 15) that [7~^(i7] G H\^[M]'lTii'£)^ which is a lattice in 
if^^(M;2]R). If V is chosen small enough, cohomology classes of the form 
[02 — fli] can be forced to lie in a small neighbourhood of in H^j^{M;iM.) 
hitting Hjj^{M] 2vrzZ) only in 0. Hence, without loss of generality, the second 
part of (II, 8) can only be fulfilled if [02 — oi] = ['-f~^d'~f] = 0. 

On the other hand, according to (II, 7), the 1-forms 02 and ai are co-closed 
which implies that 2'-f~^d'-f = 02 — 01 is also co-closed and hence harmonic. 
Together with [7~^(i7] = 0, this implies '-y~^d'y = and therefore, 7 is con- 
stant. □ 
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After these preparations we can now state and prove the shce theorem. 
We follow the presentation in J.W. Morgan's book [42]. 

Theorem (II, 2.7). Let {ip,A) be an arbitrary configuration. Then there 
exists a Q(^^^a) -invariant open neighbourhood U of E S(^^^a) such that 

TT : ^2 X f/ — >Ci 

induces a homeomorphism of Q2 ^g^^a) ^ onto a Q2-invariant open neigh- 
bourhood of {ip, A) in Ci. 

Proof. Let V be chosen as in Proposition (II, 2.6). Then Q2-V can be written 
as ^2 X where ?7 is a ^(^^yi)-invariant open neighbourhood of G 
More concretely, 

a) I 3,^g,: (7, y., a) G V^}. (11,9) 

The map T^lg^xu is a submersion since 7r|y is one and vr is ^2-equivariant. 
Furthermore, vr(^2 x ?7) is a ^2-invariant open neighbourhood of A) in 
Ci. 

We now establish the assertion by contradiction. Assume that possibly 
making V smaller, we cannot achieve that the induced map vf on ^2 x g^^ U 
is injective. This means that for every V as in Proposition (II, 2.6) and 
corresponding U of the form (II, 9) there exists a point (7, (p, a) G ^2 x 
U such that the fibre of irlg^xu which contains (7,(^9,0) is larger than the 
corresponding G{tp,A) orbit. We may thus choose sequences (</)„, a„), {ip'^,a'^) 
in S(^^^A) and (7„) in Q2 such that 

((/?„, a„) 0, (</?;,<) ^^=^0, 

and 

7„ ■ {{^fj, A) + ((^„, a„)) = {iP, A) + ((^^, a'J, but 7„ ^ G^^^a)- (H, 10) 
From this we conclude that 

din = lln{a'n " On)- 

Since all 7^ are maps M — > Ui, the sequence (7„) is bounded with respect 
to ||.||cx>- On the other hand, (a^ — a„) converges to in and thus also in 
for all p < 6. Therefore, (d'-fn) converges to in every for p < 6 which 
in turn provides an -bound on (7n)- If p > 3, then there is a continuous 
multiplication L\x L\ ^ L\. Invoking the above equation again shows that 
[d^n) converges to in L\. Consequently, (7^) is a bounded sequence in Q2- 
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We may thus deduce from the Relhch-Kondrachov Theorem (A, 1.2) 
that — possibly restricting to a subsequence — the sequence (7^) converges in 
Lf(M, C). Let 7 denote the hmit point. Since ^7^ — > in L^, we conclude 
that (i7 = weakly in L^. Since d is injectively elliptic on functions, regu- 
larity guarantees that 7 G C°°(M, C) and that 6/7 = 0. In particular, 7 is a 
constant function and (7^) converges to 7 in L\. Actually, this convergence 
is with respect to L\ because d'-jn — > in and ^7 = 0. By virtue of the 
embedding of L\ in C°, this implies that 7 takes values in Ui since all 7„ do 
so. Invoking continuity of Q2 ^ Ci Ci we may now deduce from (II, 10) 
that 

7-(V^,A) = (V',A) 

which shows that 7 G Q{ip,A)- 

The remaining part of the proof works as in the finite dimensional case: 
Let us consider an open neighbourhood V of (1, 0) in Q2 x S(^^^a) as in Propo- 
sition (II, 2.6). Since V is ^(^^A)-invariant, we also have (7,0) G V. As the 
sequences (7^, a„) and (1, v?^, a'^) converge to (7, 0) and (1, 0) respectively, 
there exists n G N such that 

(7n, v^n, an) & V and (1, ip'^, a'^) G V 

since V is an open neighbourhood of both limit points. By means of (II, 10), 

7i{jn, fn, an) = vr(l, (f'^, a'J. 

According to Proposition (II, 2.6), this requires 7^ G Q{ip,A) since the fibres of 
n\v correspond to the Q{tp,A) orbits. However, 7^ G Q{^,a) contradicts (II, 10). 

We may thus suppose that the induced map vf is injective on Q2 Xg(^ ^) U- 
Moreover, since 7r|y is continuous and an open map, the same holds true 
for the respective restriction of vf . Hence, it induces a homeomorphism from 
Q2 ^9(4, A) ^ onto the ^2-invariant open neighbourhood n{Q2 x U) of {il>,A) 
in Ci as is illustrated in the following diagram: 

^2 X f/^^7r(^2 X U) 

Corollary (II, 2.8). 

(i) Suppose U C S(^^^A) is chosen as in the slice theorem. Then U/Q(^^a) is 
homeomorphic to a neighbourhood of [ip, A\ in Bi = Ci/^2- 
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(ii) The irreducible part Bl C Bi carries the structure of a smooth Banach 
manifold. Its tangent space at a point [?/^, A\ is naturally isomorphic to 
the local slice S{^^a) ■ 

(iii) The projection C* Bl is a principal Q2-hundle. 

Proof. (i) Since Q2 acts only on the first factor of Q2 x f/, tlie quotient 
{Q2 X U)/Q2 can be identified witli U. Tlierefore, as tlie actions of Q2 
and Q{'^,A) commute, 

Tlie map vf is a ^2-equivariant homeomorphism hence induces a home- 
omorphism 

{G2^g,,,,, f/)/^2 = vr(^2Xg^^_,, U)/g2. 

This establishes part (i) for the right hand side is an open neighbour- 
hood of [Tp, A\ in Bl. 

(ii) Let ijp, A) G C* be an irreducible configuration, U a neighbourhood 
of e 5'(^^A) as in the slice theorem. Suppose that V := 7r(^2 x U) 
is entirely contained in the irreducible part C*. We define a map $ : 
V/g2 ^Uhy letting 

$([7(7/; + (/p,A + a)]) := {^,a). 

Note that $ is well-defined, and that (i) ensures that it yields a home- 
omorphism Bl ^ V/Q2 — U C S(^^^A)- We have to ascertain that the 
collection of all such $ provides B^ with a different iable structure. 

Suppose that ijp' , A') is another irreducible configuration, and let 
U' C S(^^i^A') and V C be chosen correspondingly. Without loss 
of generality, we may assume that V \~\V' ^ 0. Since V and V are 
^2-invariant, this yields 

v/g2 n v'/G2 = {vn v')/G2 ^ 0. 

If U ■= <l>-\V/g2 n V'/g2) and U' ■.= <^'^\V/g2 n V'/^a), then the 
following diagram commutes. 

/-I 

^2 X f/ — — ^i^n — >g2 X 



t/ ^ ' > v/g2 n v'/g2 ^' > ^7' 
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The slice theorem shows that vr and vr' are diffeomorphisms so that 
7r'~^ o TT : ^2 X ^ ^2 X f/' is smooth. Thus, the above diagram 
establishes that 

o $-1 : C ^ 

is also smooth. Therefore, the maps {$ : f/ ^ 'S'(^^yi)} define a differ- 
entiable atlas of Bl- This shows that Bl is indeed a Banach manifold 
modelled on the isomorphism class of 

(iii) This is an easy consequence of the proof of (ii). □ 

Remark. The proof of (ii) shows that Bl is actually a Hilbert manifold with 
respect to the induced scalar product on the local slice S^^^a)- Whenever 
we use a scalar product on S(^^^a), it shall, however, be the induced scalar 
product. To stress that the local slice is not complete with respect to (., .)l2 
we thus do not use the terminology Hilbert manifold. 

3 Compactness 

Our next task is to establish that the moduli space is sequentially compact. 
It will turn out that as corollary to the proof of the compactness theorem, 
the topology of the moduli space is independent of the initially chosen 
Sobolev orders. 

Gauge fixing. The first idea leading to the results mentioned above is to 
find a suitable representative of a gauge equivalence class of monopoles. An 
appropriate method of fixing such a configuration is the so-called Coulomb 
gauge. 

Lemma (II, 3.1). Let A,Aq G Ai. Then there exists 7 G ^2 such that 

d*{A- + = 0, 

i.e., each connection A is equivalent to a gauge field differing from a given 
Aq only by a co-closed, imaginary valued 1-form. 

Proof. The Hodge decomposition assures that 

A- AQ = rj + df + d*uj, 
where / G Ll{M,iR), u G Ll{M, A'^iT*M), and r] G iQ{M) is harmonic. Let 

7 :=exp(- I) gL^(M, Ui). 
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Then 27-^7 



df and therefore, 



d*{A -Ao + 27-^6/7) = d*{r] + d*oj) = 0. 



□ 



Proposition (II, 3.2). Let Aq be a fixed gauge field of Sobolev class k^. If 
A) &Ci is a monopole such that a := A — Aq is co-closed, then 



Moreover, for allk & N andp > 2 such that embeds in L^i^j^^, the following 
inequalities hold. 



where P : L^{M,iT*M) L^{M,iT*M) denotes the L"^ -orthogonal projec- 
tion onto the space of harmonic 1-forms. 

Proof. The proof is an impressive application of the so-called elliptic bootstrap 
technique. Since d*a = 0, we can reformulate the Seiberg-Witten equations 
for ("0,^) in the following way 



There is a Sobolev embedding of L\ in L^. Therefore, a and ip lie in and 
the Holder inequality shows that c{a)il) E Lr" . As T^Aq is an elliptic operator, 
elliptic regularity for W Sobolev spaces applied to the first line of (II, 12) 
guarantees that iIj G L\. Hence, ijj E for all 1 < p < 00. Employing the 
Holder inequality again, we deduce that q{ip) G for all p. 

Since d -\- d* : Q* —* Q* is elliptic, we obtain from elliptic regularity — 
this time applied to the second equation in (II, 12) — that a E L\ whenever 
1 <p < 00. Proposition (A, 1.3) shows that there is a Sobolev multiplication 
LlxLl^ Ll for all p>2. Therefore, c(a)^ G L?. 

Again, ellipticity of Vaq yields ip G L\. Applying Lemma (II, 1.1), we 
deduce that this yields q{'4') ^ -^i- Thus, elliptic regularity shows that a E L\. 
Using Sobolev multiplication and elliptic regularity in this manner further 
on we can prove inductively that a G and ip E for all 1 < < /cq- Note 
that *Faq is in L\^_^ since Aq is of Sobolev class ko. Moreover, Va^ can be 
expressed as an elliptic operator with smooth coefficients plus a zero order 
term given by Clifford multiplication with a 1-form of Sobolev class /cq, i.e.. 



(z^,A)GL^^(M,5)x Ao- 




(II, 11) 



*{d + d*)a = yitp) - *Fa, 



(II, 12) 



38 



Chapter II. The Structure of the Moduli Space 



a continuous map L\{M, S) L\{M, S) for all 1 < A; < k^. Therefore, the 
bootstrapping does not cease at an earlier level. 

Let /c G N and p > 2 such that embeds in LFf^j^^. Combining the 
elliptic estimate (A, 2), i.e., 

II^IIl?^^ < const + 

with the first equation in (II, 12), we readily obtain the first inequality in 
(II, 11). Moreover, the triangle inequality yields 

||a||rP <||a — PallrP +||Pa||rP . 

The Poincare inequality (A, 3) applied io d + d* shows that 

a — Pa p < const ■ * [d + d*){a — Pa) Lp = const ■ * (d + (i*)a Lp 

because {d + d*)Pa = 0. Inserting the second equation of (II, 12) in the 
above inequalities, we get the second inequality in (II, 11). □ 

An immediate consequence of Proposition (II, 3.2) and Lemma (II, 3.1) — 
when combined with Sobolev embedding — is the following. 

Corollary (II, 3.3). Every SW-monopole is gauge equivalent to a C°°- 
monopole, i.e., every class in M. C C1/Q2 has a representative which is 
smooth. 

The next task shall be to derive compactness of the moduli space from 
the inequalities (II, 11). For this we need to find a priori estimates for the 
maximum norms. 

Lemma (II, 3.4). Let 1-0'{M) denote the space of harmonic 1-forms and 
let P : L'^{M,iT*M) L'^{M,iT*M) be the L'^-oHhogonal projection onto 
the subspace iH}{M). Then there exists a constant C > such that for each 
a G L'^{M,iT*M) we can find 7 G ^2 such that 

||P(a + 27-M7)||oo<C. 

Proof. The image of H^{M:,'L) in if^(M;]R) is a lattice. According to 
(D, 15), there is a surjective map 

C°^(M, Ui) ^ HIj,{M- 27rzZ), 7 ^ [7-^7]. 

Therefore, the image of 

C°°(M, Ui) ^ in\M), 7 ^ P(27^irf7), 
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forms a lattice in the space of imaginary valued harmonic 1-forms. Given an 
arbitrary harmonic 1-form cj, we can thus find 7 G C°°{M, Ui) such that 

||w + P(27"id7)l|oc<C, 

where C is a constant depending only on the lattice. Note that we are using 
that 7i^(M) is finite dimensional. This implies the assertion. □ 



The key estimate. The second ingredient to establish compactness of the 
moduli space is an a priori estimate for the norm of the spinor part of a 
monopole. We need the following result. 

Lemma (II, 3.5). Let ip be a twice continuously differentiahle spinor, for 
example, ip G L\{M, S). Then for every C"^ -gauge field A, 

A,|^|2<2Re((V^rV^V^, V^>, 

where := d*d denotes the Laplacian of the Riemannian manifold {M,g). 

Proof. At an arbitrary point x, we choose a normal frame (61,62,63) with 
dual co-frame (6^,6^,6'^). Using the fact that V"^ is compatible with the 
metric, we deduce that at the point x, 

Ag\ip\'^ = -*d*d{i),i)) = -2*rfRe(VjV,V^) 

= -2 Re ((V^^.Vf,^,^^) + (Vj^, Vf^V^)) * (e^ A *e') 

i i 

Note that we have employed the relation A *e* = 6^^dvg. Recall that in a 
normal frame at x, 

(V^)*V^^ = -5^V^Vf>. 

i 

In combination with the above computations this implies the assertion. □ 

Proposition (II, 3.6). Suppose that {i^,A) is a monopole which is at least 
C\ Then 

||'?/'||^ < max {0, max — 2sg(x)} = max {0, — 2 min Sg(x)}, (II, 13) 
where Sg denotes the scalar curvature of the Riemannian manifold {M,g). 
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Proof. Combining Lemma (II, 3.5) with the Weitzenbock formula (D, 3.9), 
we obtain 

Ag\^\^ < 2 ■ Re{V\4j, 4j) - lsg\tp\' - Re{c{FA)^P, i>) 
= -Kl^l'-|Re(c(g(^))V^,^), 

where we have employed the Seiberg-Witten equations in the last line.^ Using 
Proposition (I, 1.2), we infer that 

A.l^r < -\sM - kWP = -¥M - -M'- 

Let Xo G M be a point where achieves its maximum. Then according to 
our sign convention, 

A3|^P(xo) > 0. 
Together with the above estimate, this yields 

(-kl^P-ilv^r)M>o. 

We therefore obtain that 

|^(a:o)|' = or \ij{x^)\^ < -2sg{x^). 

Since |'?/'(a:o)P is maximal, this proves the proposition. □ 

This result allows two immediate conclusions. 

Corollary (II, 3.7). Suppose {M,g) is a dosed, oriented Riemannian 3- 
manifold whose scalar curvature is nonnegative, i.e., Sg > 0. Then every 
monopole {^J^A) fulfills ip = That is, the Seiberg-Witten moduli space 
consists only of equivalence classes of reducible configurations. 

Remark. This is a typical example of how gauge theory can be used to prove 
nonexistence results: As it shall turn out that the existence of irreducible 
monopoles is in a sense independent of the chosen Riemannian structure, 
finding an irreducible monopole with respect to an arbitrary metric prevents 
M from admitting a metric of nonnegative scalar curvature. Corresponding 
statements in the four dimensional case have turned out to be very useful. 
For a brief discussion of the above result's implications, we refer to Meng & 
Taubes [38]. 

■^Note that we have also used that c{*Fa) = c{Fa). This relation is an immediate 
consequence of our agreement to choose the spin representation in such a way that c{dvg ) = 
— id. Recall that Clifford mviltiplication by 2-forms is defined via the isomorphism of vector 
spaces A'V ^ Cl(y). 
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Corollary (II, 3.8). Let M be a closed, oriented Riemannian 3-manifold. 
Then there exist only finitely many spin'^ structures on M for which the ir- 
reducible part of the moduli space is nonempty. 

Proof. Let cr be a spin^ structure on M with canonical class c{a). For any 
point in the moduli space we can find a representative {tp, A) which is at 
least C^. According to Proposition (I, 1.2), 

so that the key estimate (II, 13) implies that 

■0 = or \q{ip)\ < —mmsg{x). 

Since *Fa = |q'(^), this establishes a bound on \Fa\- According to the 
Chern-Weil construction, this implies that the image of c{a) in H^^{M]7j) 
lies in a bounded subset. 

Therefore, only a finite subset of H^j^{M; Z) corresponds to canonical 
classes of spin'^ structures admitting irreducible monopoles. This proves the 
assertion since the number of canonical classes mapped to the same element 
in H}j^{M] Z) is finite. Here, we are using that H'^[M] Z) is finitely generated 
so that there cannot be infinitely many torsion elements. □ 

Theorem (II, 3.9). The SW-moduli space Ai C C1/Q2 is sequentially com- 
pact. 

Proof. We have to show that any sequence {[ipn, ^n]) in -M. contains a con- 
vergent subsequence. Choosing representatives {ipn, ^n) ^ Ci and a fixed 
C°°-gauge field Aq, we let a„ := An — Aq. As in Lemma (II, 3.4) we may 
apply gauge transformations to achieve that (Pan) is a bounded sequence 
in il-0'{M). Possibly gauge transforming again, we may also assume that 
d*an = 0. Observe that the second property can be achieved using a gauge 
transformation of the form 7 := exp(|). Therefore, 2'~f~^d'-f = df lies in the 
kernel of P and the fact that {Pan) is bounded remains unaffected. In conse- 
quence of the second condition. Proposition (II, 3.2) shows that all {ipn, An) 
are smooth configurations. 

Step 1: For p > 2, the sequence {ipn,cin) is bounded in Li{M,E): 
Due to the key estimate (II, 13), the sequence (ipn) is bounded with respect 
to ||.||oo- Therefore, the sequence {q{ipn) — *-^Ao)„>i is also ||.||oo-bounded 
and hence with respect to \\-\\lp- Moreover, (Pan) is Lf-bounded because 
all norms are equivalent on the finite dimensional space li}{M). Therefore, 
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the second equation in (II, 11) shows that (a„) is a bounded sequence in L^. 
Since (ipn) is bounded with respect to ||.||oo5 we deduce that [c{an)ipn) is 
bounded in L^. Therefore, from the first inequahty in (II, 11) we may infer 
that (ipn) is bounded in L^. 

Step 2: {ipn^CLn) is a bounded sequence in L\{M,E): 

Proposition (A, 1.3) imphes that if p is large enough (e.g. p = 5), there is a 
continuous multiphcation 

Jir^ X — > L Y . 

As {ipni (^n) is bounded in L\ for each p > 2, this shows that (c(a„)'?/'„) and 
ilii^n)) are bounded with respect to Since (Pan) is bounded in L^, 

the right hand sides of the inequalities (II, 11) are bounded. Therefore, (a„) 
and (ipn) are bounded in L"^. 

The Rellich-Kondrachov Theorem (A, 1.2) shows that L\[M,E) embeds 
compactly in L\{M, E). Hence, there exists a subsequence of {ipn, An) which 
converges in Ci to, say, {ip.A) G Ci. The Seiberg-Witten map SW : Ci 
L'^{M,E) is continuous which yields SW{iIj,A) = 0. Therefore, ([?/'„,74„]) 
contains a subsequence which converges in Ai with respect to the induced 
topology. □ 

Remark. A simple induction shows that the sequence (■?/;„, a„) in the above 
proof is also bounded with respect to ||-||l2 for any A; > 1: Assume that 
k > 2 and that {tpn, o-n) is bounded in L\. Then, since there is a continuous 
multiphcation L\ x L\ — > L\, the sequences c{an)4'n and q{ipn) are also L^- 
bounded. The inequalities (II, 11) then guarantee that {ipn, On) is bounded 
in Ll_^-Y. We shall need this remark in the next paragraph. 

Choosing different Sobolev orders. As was pointed out before, some 
authors endow the configuration space and the group of gauge transforma- 
tions with different Sobolev structures. We now want to deduce from the 
above considerations that this does not affect the structure of the moduli 
space. 

For any A; > 1 we define 

Ck := Ll{M, S) X Ak and Q^+i := Ll^,{M, Ui). 

Since /c > 1, we deduce from Example (A, 1.4) that there are continuous 
multiplications 

^l+i ^ ^k+i ~^ ^l+i and LI_^_y X LI ^ Ll. 
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This guarantees in the same way as before that Gk+i is a Banach Lie group 
acting smoothly on Ck- We define 

Bk := Ck/Gk+i and Mk := {SW-\0) n O/Qk+i- 

Lemma (II, 3.10). Let {ip,A) G Ck and 7 G ^2 such that 7 ■ {'ip,A) G Ck- 
Then 7 G Gk+i- 

Proof. The proof is another apphcation of the elhptic bootstrap technique 
and is estabhshed by induction on k. li k = 1, the assertion is trivial. 
Hence, let A; > 2 and assume that we have already proved that 7 G ^fc- As 
A + 27~^(i7 G Ak, we have 

-f-^d-f G Ll{M,T*M 0C). 

Since k >2 there is a multiplication L^. x ^ L^. and we find 

^7 = 7 . (7-^d7) G L2(M, T*M ® C) 

From elliptic regularity we deduce that 7 G Ll^^{M, C). □ 

We may now interpret Bk as a subset of Bi. Since C/c C Ci, taking the 
quotient of Ci modulo Q2 induces a map n : Ck ^ Bi. From the above lemma 
we deduce that 

7r{ipi, Ai) = 7r(^2, A2) 3^egfc+i : (V^2, ^) = 7 " (^1, ^1) 

^ [V'l.A] = [i^2,A2] in 
Therefore, vr induces an injective map 

n-.Bk^Bi. 

Since C Ci is continuous, the map vf is also continuous. In particular, Bk 
is Hausdorff. Moreover, vf restricts to an inclusion of the moduli spaces, 

Mk-^Mi. 

Corollary (II, 3.3) shows that this map is, in fact, a bijection. From the 
remark we stated after the proof of Theorem (II, 3.9), one easily establishes 
that A4k is sequentially compact as well. Therefore, the inclusion of A4k in 
Ail is a continuous bijection defined on a sequentially compact set. This 
implies continuity of the inverse as well, and we have the following result: 

Corollary (II, 3.11). The topology of the moduli space M. is independent 
of the chosen Sobolev orders, i.e., for any k >2 the map 

Mk ^ Ml 

is a homeomorphism. 
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4 Local structure of the moduli space 

We give a brief motivation for some considerations arising at this point in four 
dimensional Seiberg-Witten theory as well as in Yang-Mills theory. Consider 
the restriction of the Seiberg-Witten map to the irreducible part of Ci, i.e., 
SW : CI L'^{M,E). We suppose that at some point {ip,A) e Q the 
differential of SW is surjective. Under this assumption, the implicit 

function theorem ensures that the set of monopoles near A) is a smooth 
manifold. Its tangent space at {ip,A) is given by kerF(^^A)- Dividing out 
the group action and invoking the slice theorem shows that in this case a 
neighbourhood of A] in the moduli space is a smooth manifold which is 
modelled on the tangent space 



ker Fi 



im 



This space is the first cohomology group of the following complex: 

^ LliM, zM) Ll{M, E) L\M, E) ^ 0. 

In four dimensional Seiberg-Witten theory, the corresponding complex — 
being of a slightly different form than here — is elliptic so that the expected 
dimension of the moduli space can be computed as the index of roUed-up 
elliptic operator. At a first glimpse, the three dimensional situation is a 
bit more complicated since the above complex is not elliptic but has to be 
altered as in (I, 12). Nevertheless, by slightly reformulating the Seiberg- 
Witten equations and introducing "virtual" monopoles, the local analysis 
of the moduli space can be carried over exactly as in the four dimensional 
case (see Lim [32]). However, we shall take another approached since the 
arguments involved are more intuative from a geometrical point of view. 



The Chern-Simons-Dirac functional revisited. The nature of the 
Seiberg-Witten map as the gradient of the Chern-Simons-Dirac functional 
yields another possibility to analyse the local structure of the moduli space 
than the one via virtual monopoles mentioned above. This point of view 
reproduces the original^ ideas of Taubes [52] so that similarities with in- 
stanton theory on 3-manifolds become more intriguing. However, the es- 
sential ingredients — the slice theorem combined with the implicit function 
theorem — are the same in both approaches. 



''^A very clear explanation of Taubes's ideas is given by P. Kirk in Sec. 3 of [24]. Our 
approach mimics the arguments given there. 
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For the time being, we restrict our attention to the irreducible part of Bi 
and consider the principal ^2-bundle ^ B^. The assignment 

{ip^A) ^ = ker(G^^^^)|i2) 

defines a smooth subbundle of the tangent bundle of Q. This follows from the 
fact that Gi^^^A) is injective with injectively elliptic first order term. Moreover, 
the bundle is ^2-invariant, i.e., for all 7 G Q2, 

7 ■ ker(G'(^^^)|i2) = ker(G;.(^^^)|i2). 

From part (ii) of Corollary (II, 2.8) it becomes clear that this subbundle is 
the pullback of the tangent bundle of Bl to C^. This in mind, we can relate 
objects defined on TBI with objects on the tangent bundle of €{. 

Lemma (II, 4.1). The section SW is the pullback of the Chern-Simons- 
Dirac functional's L"^ -gradient on B\. In particular, the irreducible part of 
the moduli space is exactly the set of critical points o/csd : Bl ^ . 

Remark. As we have already noted, SW is only a gradient vector field in a 
weak sense since it takes values in the L^-completion of the tangent bundle of 
CI- Hence, we have also to consider the L^-completion of the tangent bundle 
oi Bl- According to Corollary (A, 2.8), the L^-completion of ker(G*^ ^^|j;^2) 
coincides with kerG*^^^. 

Proof of Lemma (II, 4-V- We have to ascertain that SW is a ^2-equivariant 
map with values in the subbundle kerG*. The equivariance property has 
been proved earlier. For a smooth configuration (■?/;, A), we have 

Gl^,A) ( SW(V;, A)) = 2d* (ig(^) - *Fa) - t lm{VA^l^, ^) = 

since Proposition (I, 2.1) implies that d*q{ip) = i Im(P^'0, -0). Since smooth 
configurations lie dense in Ci the assertion follows from continuity of SW. □ 

The Hessian of csd : Q — > M at a point A) is given by the differential 
: Ll{M, E) L'^{M, E) of SW. To obtain the pullback of the Hessian 
on B\ we have to project to the subbundle ker G* since this means 

taking the induced covariant derivative of the gradient Bl TB\. Again, 
we have to account for the fact that maps L\[M,E) to L'^{M,E). 

Then the pullback of Hessian of csd : Bl ^ is the unbounded operator in 
l^er G^^^^) given by 



H(^,A) ■■= ProjkerG* dom{H^^^A)) ■■= ker (G^^^^) 1^2). (II, 14) 
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In consistency with the terminology in finite dimensional Morse theory, 
we now define: 

Definition (II, 4.2). An irreducible Seiberg-Witten monopole is called non- 
degenerate if the Hessian is an invertible operator 

Otherwise, it is called degenerate. 

Clearly, this definition only depends on the gauge equivalence class of the 
monopole A). An immediate consequence of the inverse function theorem 
and Corollary (II, 2.8) is: 

Proposition (II, 4.3). Let (ipjA) G Q be an irreducible, non- degenerate 
monopole. Then its gauge equivalence class [ip, A] is an isolated point of the 
moduli space 7W(cr). 

The Hessian Hi^^^a) is not very tractable since, for example, the Hilbert 
space in which it is defined depends on the point {ijj, A). Moreover, it is not 
yet clear how to assign a "Hessian" to reducible configurations. Yet, as we 
are ultimately only interested in the spectral properties of H(^^^a), we will 
relate the Hessian to the elliptic operator T(^^(,^A) we considered at the end of 
Chapter I. 

For the time being, we shall drop the reference to the base point {ijj, A) 
to simplify notation. We recall that, 

T := (F + G, a*) : LI{M, E ® iR) ^ L^{M, E®iM.). 

Hodge decomposition yields that 

L2(M,E) = ker(G*|i2) ©im(G|i2) and ^^(M, E) = ker G* © imC. 

(II, 15) 

With respect to this we now extend the Hessian H an operator in L'^{M, E® 
iR), with domain L?(M, E®iM), by letting 

(HQ \ 
^ := G \. (II, 16) 

\ G* / 

Lemma (II, 4.4). If {ip, A) is an irreducible monopole, then H^^^a) coincides 
with the operator Ti^^^a)- Moreover, {ip.,A) is non- degenerate if and only if 
"^{tpA) '^^ invertible. 
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Proof. According to the definition of T and (II, 14), it suffices to show that 
the operator F : Ll{M, E) L'^{M, E) satisfies 

F = Projk,,G.°^°ProjkerG.- (n, 17) 

As we have noticed before, F oG\i2 =0 whenever (■?/;, A) is a monopole. On 
the one hand this implies that F = F o Pioi^^^Qt and on the other hand, 

im(G|i2) C kerF C kerF* 

since F is symmetric. Hence, imF C (imG)-*- = kerG*. Together, we get 
(II, 17). Then the second assertion follows from the next lemma. □ 

Lemma (II, 4.5). The eigenvalues of 

G = (^^, ■.im{G\L2)®Ll{M,iR) — > imG ® L\M,iR). 

form a symmetric subset ofR, not containing 0. In particular, H is invertible 
if and only if H is. 

Proof. Clearly, the operator G is symmetric with respect to the induced 
scalar product. Therefore, the set of eigenvalues is a subset of M. If A is an 
eigenvalue with corresponding eigenvector (((/?, a),/), 

G((^,a),-/) = -A. (((p,a),-/). 

Hence, —A is also an eigenvalue, and that shows the set of eigenvalues is 
symmetric. Moreover, G is injective since {ip, A) is irreducible. This implies 
that G is injective as well. Since H is the direct sum of H and G, the second 
assertion follows. □ 

Remark (II, 4.6). We will see in Corollary (II, 4.8) that if is a self- 
adjoint operator depending smoothly on A) and having compact resol- 
vent. Hence, given a C^-path of irreducible configuration. Definition (C, 1.9) 
of the spectral flow applies to the operators H associated to this path. Now, 
Lemma (II, 4.5) shows that the direct summand G gives no contribution to 
the spectral flow since the corresponding spectra are bounded away from 0. 
It is thus intuitively clear that, the spectral flow of the Hessian H may be 
represented by the spectral flow of H. 

If {ip,A) G CI is not a monopole, the equality H{-^^a) = T(^ip,A) ^'^^^ 
necessarily hold. However, we can say the following: 

Lemma (II, 4.7). For each irreducible configuration {ip,A), the operator 

T(^,A) - H(^,A) ■■ Ll{M, E®iR)^ L^M, E © iR) 
is compact and symmetric with respect to the scalar product. 
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Proof. It obviously suffices to show that, with respect to the decomposition 
(II, 15), the operator 

F-(^^ ^^■.Ll{M,E)^L\M,E) 

is compact and symmetric. The latter property is obviously fulfilled since 
both, F and H, are symmetric. According to the definition of H, we are now 
to show that the operators 

F\,^,g--MG\li)^L\M,E) (11,18) 

and 

(F-ProjkerG*°^)|kcrG* :ker(G*U2) ^L2(M,i?) (II, 19) 

are compact operators. Note that G : L|(M, -iM) im{G\i2) is an isomor- 
phism because it is injective and has closed range. Hence, compactness of 
(II, 18) is equivalent to compactness of 

FoG\Ly. Ll{M,zR) ^ L\M,E). 

A short computation using part (iii) of Proposition (I, 1.2) shows that at the 
point i^jj^A), for all / G L2(M,zM), 

FoGif) = {-f-VA^P,0). 

If p > 3, there is a continuous Sobolev multiplication L\x F^ F^. On the 
other hand, F^ embeds compactly in L\ for all 2 < p < 6. This shows that 
f ^ f ■ T^Ail) is a compact operator L\ . Thus, compactness of (II, 18) 
is proved. Regarding (II, 19), we claim that for (v?, a) G C°°(M, i?), 

(F - ProjkerG* oF){^,ci) = Proj,,coF(<^,a) G LI{M,F). (II, 20) 

For this note first, that F{ip,a) G Ll{M,F) since (v?, a) is smooth and F is 
a differential operator with Li coefficients. Second, projecting an element of 
F\[M,F) to imG results in an element of im.{G\i2) because G is injectively 
elliptic, cf. Corollary (A, 2.8). Together, this implies that (II, 20) holds for 
smooth (v9, a). As L\ embeds compactly in L^, this shows that the operator 

Vioy^^a^F : Ll{M,F) ^ L\M-F), 

restricted to the subspace C°°(M, £■) is compact. Since C°° is dense in L^, 
it follows that the operator is compact on the whole domain. This clearly 
implies compactness of (II, 19). □ 
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The above result shows that is obtained via a relative compact per- 

turbation of T^ip^A)- Using the corresponding properties of T(^^^a) (cf- Propo- 
sition (II, 1.5)), Theorem (A, 2.9) implies the following: 

Corollary (II, 4.8). Suppose {ip,A) is an irreducible configuration. Then 
the operator H(^p^A) defines a closed, self-adjoint Fredholm operator in 
L^(M, © iM). It has compact resolvent and thus discrete spectrum. More- 
over, the assignment 

{^fj, A) I — > H(^,^A) 
is smooth with respect to the operator norm topology on .^sa- 

Corollary (II, 4.9). Let (ipt, At) : [a,b] — > C^, be a C^-path of irreducible 
configurations such that {ipa, Aa) and {ipb, Ah) are monopoles. Then 

SF(T(^„,At)) = ^F{H{i,t,At))- 
Proof. Consider the homotopy 

[a, b] X [0, 1] ^ ^{Lj, L^), {t, s)^{l-s)- T^^,,A^) + s ■ #(^„a,), 

which — due to our assumption — leaves the endpoints fixed. It follows as in 
Corollary (II, 4.8) that this homotopy takes values in the space of closed, 
self-adjoint operators in with domain L^. Thus, according to Proposi- 
tion (C, 1.10), the paths T(^^^^At) and Hf^^^^At) have the same spectral flow. □ 



Reducible configurations. Until now we have restricted our attention 
to irreducible configurations for the above geometrical motivation is only 
meaningful on the manifold E^. However, T{^^^a) is defined independently 
of ip being zero or not. If A is a reducible configuration, then the explicit 
formula is 

(Va \ 
T(o,A) = -*d 2d\. (II, 21) 

\ 2d* / 

Therefore, 

ker T(o,A) = ker Va © ker (d © rf*) © ker 

= ker Va © Hl^{M- zM) © i/rf°^(M; zM) . ^ ' 

Proof of (II, 22). From (II, 21) it is clear that T(o,a)(v^, o, /) = if and only 
if Vai-P = 0, 2df = *da, and d*a = 0. According to the Hodge decomposition 
of L'^{M,T*M), we have imd ± imd*. Therefore, since *da = —d*{*a), this 
implies that 2df = *da if and only if both, df and da, vanish. □ 
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Remark. We shall see in the next chapter that if A is a reducible monopole, 
then the summand H^p^{M]iW) of kerT(o,^) represents the "tangent space" 
to the reducible part of the moduli space whereas ker Va determines whether 
[0, A] is an accumulation point for irreducible elements. 



5 Counting monopoles 

We shall now equip the points of Bi with a sign. With respect to this, the 
algebraic count of points in the modulo space will be the number which lies 
in the center of our interest. Clearly, this is only meaningful if the number 
of gauge equivalence classes of monopoles is finite. Yet, compactness of the 
moduli space and the fact that non-degenerate monopoles lie isolated in 
the irreducible part of Bi suggest that this might indeed be true — at least 
modulo some small perturbation of the Chern-Simons-Dirac functional. How 
this perturbation has to be chosen is the topic of Section III. 2. For the time 
being we shall have to assume that the irreducible part of the moduli space, 
Ai*{a), consists only of non-degenerate monopoles and is finite. 

Another expression of the algebraic count of monopoles, which we shall 
derive shortly after its initial definition, is reminiscent of a kind of Euler 
characteristic associated to BI- The subject of Chapter III is, essentially, 
to prove that this number is indeed independent of the chosen Riemannian 
metric (and the perturbation term), thus yielding a smooth invariant of the 
underlying 3-manifold M. 

After these preliminary remarks let us now equip each configuration with 
a sign. Recall from Proposition (II, 1.6) that the assignment [ip, A) i— > T(^^^) 
is a smooth map from Ci to ^sa, the space of self-adjoint operators in with 
domain L^. If (iptjAt) : [a,b] ^ Ci is a continuous path of configurations, 
then the associated family {T(^ii,t,At)}tela,b] also depends continuously on t and 
we are in the situation of Definition (C, 2.2). 

Definition (II, 5.1). For each configuration {ip,A) let 

e{ip,A) :=e(T(t^,A); o<t<i) 

be the orientation transport along the family {T(^tip,A)}te[o,i] assigned to the 
affine path from (0, A) to [ip, A). 

Lemma (II, 5.2). For every configuration {ip,A) the following holds: 
(i) If Aq is an arbitrary connection, then 

eitp^A) = [-l)^^^'^(0:Ao) + t(i,,A-Ao) _ 
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(ii) For every gauge transformation j E Q , 

Proof. (i) The linear path from (0, A) to [ip, A) is homotopic to the the 
path going from (0,^4) to {0,Aq) and then to {ip,A). Using the homotopy 
invariance and the additivity property of the spectral flow, we deduce that 

SF(T(i^,A)) = SF(T(o,A)+t(o,Ao-A)) + SF(T(o,yio)+f(Vo,A-yio))- (H, 23) 

According to (II, 21), the first path entering the right hand side is the direct 
sum of a path of complex linear operators and a constant path. Since we 
are regarding L^(M, S) as an M-Hilbert space, the spectral flow of a path of 
complex linear operators is always congruent mod 2. Moreover, the spectral 
flow of a constant path is so that the first summand in (II, 23) is mod 2. 
Now, using Theorem (C, 2.5) and inserting the considerations we just made 
we find that 

e{t(j,A) = ( — l)S^(^(tV',A)) = (^_l^JSF{T^o,Ao)+t(i,o,A-Ao)) _ 

(ii) From the equivariance of SW one readily deduces that T is Q2- 
equivariant which means that for all {ip, a, f) G L\{M, E © zM), 

^7-^,^) /) = 7 ■ T{^^A) ■ (V^' «,/))■ 

Recall for this from (I, 6) that Q2 acts only on the spinor part oi E ® 
Using this, one straightforwardly concludes that the determinant line bundles 
of T(tip,A) and T^.{tip,A) are canonically isomorphic via the isomorphism induced 
by 

ker T^t^^A) ^ ker T^.{t^^A) , (</?, aj)^'y- {if, a, /) 

Then it is immediate that the orientation transports along T(^ttp,A) and T^.{tiii,A) 
coincide. □ 

Definition (II, 5.3). Assume that AA*{a) consists only of non-degenerate 
monopoles and is finite. Then we let 

swo(a):= ^(^'^)' ("'24) 

where (■?/', A) is an arbitrary representative of ['?/', ^]. 
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Note that as a consequence of Lemma (II, 5.2), part (ii), the number 
swq is well-defined. Moreover, Corollary (II, 3.8) immediately implies that 
swo((t) vanishes for all but finitely many spin'^ structures a. 

Morse theoretical interpretation. From part (i) of Lemma (II, 5.2) we 
now deduce a geometrical motivation for the definition of swo(cr). For this 
let us briefiy recall the ideas we need from finite dimensional Morse theory: 

If / : M — ^ R is a Morse function on a compact manifold, then the Euler 
characteristic of M can be expressed as the signed count of critical points. 
Here, the sign associated to a critical point is given by the parity of its Morse 
index, i.e., the number of negative eigenvalues of the respective Hessian. 

However, this expression of the Euler characteristic does not necessarily 
require an a priori knowledge of all Morse indices. If we fix one critical point 
Xo, then the Morse index of another critical point x can be computed via 
the Morse index at the point xq and the difference of the Morse index of x 
relative to the index of xq. In other words, what we need is an understanding 
of how the number of negative eigenvalues of the Hessian changes from one 
critical point to another, i.e., we have to consider the spectral fiow of the 
Hessian along paths connecting two critical points. In this way, the problem 
of having to define an "index" for operators with unbounded spectrum in the 
infinite dimensional setting at hand can be overcome. These ideas in mind, 
we now give an alternative expression of swo(a'). 

Proposition (II, 5.4). Assume that A4*{a) is finite and consists only of 
gauge equivalence classes of non- degenerate monopoles. Then for every fixed 
i^Po, Ao) EM* (a), 

sv/o{a) = e{^o,Ao) ■ ^ (_i)SF(%o.^o)+'W-v.o,^-ao)) . (11,25) 

lip,A]<^M*ia) 

Proof. The affine path connecting (0, Aq) with [ip, A) is homotopic to the 
concatenation of the affine path from (0, Aq) to {tpo, Aq) and the affine path 
from {iPo,Aq) to {ip,A). Hence, 

SF(r(o,Ao)+t(5/.,A-Ao)) = SF(T(i^o_Ao)) + SF(T(^o^Ao)+t(V-V'o,A-Ao))- 

Inserting this in Lemma (II, 5.2), part (i), we immediately get the assertion. 

□ 

Remark. 

(i) Corollary (II, 4.9) and Remark (II, 4.6) show that the fact that (II, 25) 
involves the operator T rather than the Hessian H does not collide with 
the ideas of the Morse theoretical motivation. 
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(ii) The term e{ipQ, Aq) occurring in formula (II, 25) corresponds to fixing 
the parity of one particular Morse index. Without this term only the 
absolute value of swo(cr) could be expected to be an invariant. The 
sign convention of Chen [11] is a bit more complicated but seems to be 
the same we have chosen. The description in terms of e{ip, A) exhibits 
a natural choice for this convention — depending, however, on the way 
of how to define the spectral flow of a path whose endpoints are not 
invert ible. 
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Chapter III 



Seiberg-Witten Invariants of 
3-Manifolds 



Until now there is one major problem in the definition of swo(o"): We cannot 
guarantee that all critical points of the Chern-Simons-Dirac functional are 
non-degenerate. As in finite dimensional Morse theory we cannot expect that 
the signed count of critical points describes the Euler characteristic if there 
also exist degenerate ones. Therefore, we are lead to study perturbations 
of the Chern-Simons-Dirac functional in order to obtain non-degenerateness. 
This is explicitly carried out in Section 2. Before, we include a section about 
the abstract setting which lies behind these ideas. 

In the remaining parts of this chapter we will then analyse the behaviour 
of swo(cr) under deformation of the Riemannian metric and the perturbation. 
It turns out that for manifolds with 61 > 1 we achieve topological invariance 
of the signed count of monopoles in this way. If 61 < 1 , a topological invariant 
can also be obtained — at least with some extra effort. 

1 Regular values and perturbed level sets 

Suppose that $ : X — > y is a smooth Fredholm map between paracompact 
Banach manifolds, i.e., $ is a smooth map such that for every x & X, the 
differential -D^<l> : T^X T$(2.)y is a Fredholm operator. If X is connected — 
what we will henceforth assume — then the function x 1— ind is constant 
on X. We thus can define the index of $ as this common value. 

Let us assume for a moment that yo & Y a. regular value of $, i.e., 
is surjective for every x G M := $~^(|/o). Then M is either empty or a 
smooth submanifold of X with dimM = ind$. In the applications we have 
in mind, this assumption is usually not fulfilled. The following considerations 
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show how to achieve regularity by perturbing $. 

Suppose that P is an affine Banach space, modelled on a separable Banach 
space E. Let $ extend to a C""-map $ : X x P — > F with $(-,po) = $ for 
some po G P. We will usually refer to P as the perturbation space and call 
$ the perturbation map. In addition, we require that : X ^ Y is 

Fredholm for each p & P. As P is connected, the index of remains to 

be equal to the index of $ as p varies. Moreover, a reasonable perturbation 
has to be chosen in such a way that is a regular value of $, which we will 
assume in the following. Then the level set 

M:= ^-\yo) 

is either empty or a (possibly infinite dimensional) C""-submanifold of X x P. 

Proposition (III, 1.1). The projection map n : M ^ P is a C"^ -Fredholm 
map, with index equal to ind$. Thus for each regular value p of n, the set 
Mp := 7T~^{p) defines an ind ^-dimensional C"^-submanif old of X . Moreover, 
p is a regular value of ti if and only if y^ is a regular value of the map $(-,p). 

Proof. The asserted differentiability properties are obvious so that we have 
only to compute the index of the differential at a point (x,p) G M . Consider 
the maps $p := $(-,]?) : X ^ Y and l>^. := <l>(x, ■) : P Y obtained by 
fixing p and x respectively. Clearly, if we prove that there exist algebraic 
isomorphisms 

ker D(^. p)7r = ker Dj.($p) and coker D(^. p)7r = coker _D2;($p) , (111,1) 

the Fredholm property of vr and the assertion about its index are immediate. 
To prove (III, 1) note first of all that the tangent space of M at {x,p) is given 
by 

T(,,p)M = ker P)(,, p)!- = ker {Dp{^^) + D,{^p)) . (Ill, 2) 

From this the first equation of (III, 1) follows because 

]^eiD^{%) = {{v,0) G T,X®TpP \ D.,{%){v) = O} 

= {{v,w) G T^x,p)M I w = 0} = ker P'(^,p)7r . 

Next observe that (III, 2) implies 

imP'(3.,p)7r = {w e TpP | 3,,gT,x : {v,w) G T(^,p)M} 
= {we TpP I Dp{^,){w) G imD^i^p)} . 
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Hence, there is an algebraic isomorphism 



im£)(^.^p)7r 



= imDp($,)nimD,($p). 



Furthermore, there always exists an abstract isomorphism 
Together, these isomorphisms imply that 

( TpP \ 



iSnSS^) inil)p($.) nimD.(|.,) ■ 
Invoking surjectivity of D(^xp^^, we can decompose Ty^Y as 

Ty^Y = im Dp{$,) + imD,{%) ^ imDp(<l'.) ^ imL',(l>j,) . 

imDp($^) nimD^($p) 

Finally, we get the following chain of isomorphisms 

coker „)7r = ^ = ^^-^ — = cokerD^ $„ 

imD(,,p)7r imDp(<D,)nimD,($p) 

This proves the second part of (III, 1). Hence, vr : M — > P is a Fredholm 
map of index ind Dx{^p) at the point {x,p). By our assumptions this index 
equals the index of $. 

Suppose now that p is a regular value of vr. Then according to the above, 
coker Da;(<l>p(,) = for all x G Mp. Hence, D^^^p) is surjective whenever 
X G Mp. This shows that yo is a regular value of $p. □ 

The importance of the above proposition becomes obvious when we com- 
bine it with an infinite dimensional version of Sard's Theorem due to Smale. 
Recall that a subset of a topological space is called generic (or equivalently of 
second category) if it is the countable intersection of open and dense subsets. 

Theorem (III, 1.2). (cf. [51], Thm. 1.3). Let ti : M ^ P he a C""- 
Fredholm map between two paracompact Banach manifolds, and suppose that 
m > max{0, indvr}. Then the set of regular values of n is a generic subset of 
P. In particular, for a generic choice of p G P, the level set vr~^(p) is either 
empty or a C^-submanifold of M with dimension equal to indyr. 
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The well-known Baire category Theorem states that a generic subset of 
a complete metric space is necessarily dense. We can thus combine Theorem 
(III, 1.2) with Proposition (III, 1.1) to find arbitrarily small perturbations 
such that the level sets are regular. 

Parametrized level sets. We now consider a family of C""-Fredholm maps 
: X — i> Y} depending smoothly on an additional parameter g & R, 
where R denotes a connected Banach manifold. In our applications — where 
for example, i? is a completion of the space of all Riemannian metrics on a 
fixed 3-manifold — we want to compare the level sets M{g) := (<I>^)"^(?/o) for 
different parameters. For this let gi and g^i be two distinct elements of R 
and let g = gt : [— 1, 1] ^ i? be a smooth path connecting them. Then the 
corresponding level sets at the endpoints are related by a cobordism given 
by the yo-leve\ set of 

^ : X X [-1,1] ^ Y", ^(a;,t) := $^*(x). (111,3) 

Since 

= D,{<^^^) + Dti^'^ix)), (III, 4) 

the map \1/ is a C"^-Fredholm map of index 1 + ind $. This is because the first 
summand of (III, 4) is a Fredholm operator T^.X © M — * T4,(^^t)^ of index 
1 + ind <I>^' , whereas the second term is rank 1 so that it does not affect the 
Fredholm index. 

As in the preceding paragraph, the idea is now that we get regularity of 
the ?/o-level set of \1/ if we consider small perturbations. For this we consider 
a smooth family of perturbation maps 

^3 :X X P^Y, g eR, 

such that each $^ is a C"*-Fredholm map with regular value yQ. Applying the 
Sard-Smale Theorem to the projections (<I'^')^^(t/o) P, we find parameters 
Pi and p^i in P such that yo is a regular value of := $^'(-,pj) for both 
iG{ — 1,1}. To relate the corresponding level sets 

MM:={^';X'iyo)^ ^€{-1,1}, 

by a regular cobordism we define a new perturbation space by letting 

P:= {p: [-1, 1] ^ P I p is and p{i) = pi for i E {-1, 1}}. 

Since P is an affine space, modelled on some separable Banach space E the 
set P is also an affine space, modelled on the Banach space 

{w : [-1, 1]^ E I M7 is and w{i) = for i e {-1, 1}}. 
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Note that this is indeed a Banach space with respect to uniform convergence 
of all derivatives of w up to order m. In the spirit of the last paragraph the 
map ^ given in (III, 3) is now perturbed by 

^:Xx [-1,1] xP^F, ^(x,t,p) ■.= ^^'{x,pt). 

To apply Proposition (III, 1.1) we have to ascertain the following: 

Lemma (III, 1.3). Let ^ he defined as above. Then the point is a regular 
value of ^ . 

Proof. Let {x,t,p) G ^~^(?/o) and consider 

D(,,t,p)^(w,s,u;) = D^^^p^0s'){v,wt) + s ■ ||^<l^*(x,pt). 

Since is a regular value of for any t, the first operator on the right hand 
side is surjective. Therefore, {x,p,t) is a regular point of ^ provided that 
{v,Wt) can be chosen arbitrarily. This is, however, only true if t ^ 1} 
since w is subject to the condition = for i G {—1, 1}. But in this case, 

D(.,,,)(<I^O(^,0) = D.($^:)(i;) 

which is already surjective due to the choice of p_i and pi. □ 

As a consequence of Proposition (III, 1.1), the projection map 

n : ^-\yo) P 

is a C^-Fredholm map with index equal to 1+ind $. We thus can apply Sard- 
Smale again, deducing that for a generic path p = pt & P, the parametrized 
level set 

M,{g):=U-\p)= [j {MMx{t})cXx[-l,l] 

ie[-i.i] 

is either empty or an (1 + ind $)-dimensional C™-submanifold of X x [—1, 1]. 
Summarizing the above considerations, we have proved: 

Proposition (III, 1.4). Let g = gt : [—1, 1] ^ R be a smooth path. Suppose 
that p^i and pi are chosen in such a way that y^ is a regular value of'^^. for 

i G { — 1,1}. Then for a generic path p = pt G P, the parametrized level set 

Mp{g):= (j {M,,igt)x{t})cXx[-l,l] 

te["i,i] 

is either empty or a C^-submanifold of dimension (1 + ind$). 



60 



Chapter III. Seiberg-Witten Invariants 



Remark (III, 1.5). As was pointed out before, we apply the preceding 
results to the L^-gradient vector field of the Chern-Simons-Dirac functional. 
Therefore, we have to generalize the above considerations slightly as the 
gradient vector field is not a Fredholm map between Banach manifolds but a 
Fredholm section of a bundle of Banach spaces, i.e., a section which in local 
trivializations can be represented by Fredholm maps. We will now describe 
the changes to be made: 

Given a smooth Fredholm section ^ : X ^ V of a bundle of Banach 
spaces V ^ X, where X denotes a connected, paracompact Banach manifold, 
consider the intrinsic differential -0^$ : TxX Vx- If this is surjective at any 
zero X of $, then the section $ is called transversal to the zero section. In this 
case, the zero set $-1(0) is a smooth submanifold of X of dimension equal 
to ind<I>. As before, we might have to perturb $ to obtain transversality. 
Similarly, this is done by studying an extension map which is in this 
case a section of the puUback bundle pil V ^ X x P, where P is some 
perturbation space. If we can achieve that $ is transversal to the zero section 
of pil V ^ X X P, then the union of all perturbed zero sets M := $-^(0) is a 
smooth submanifold of X x P, and Proposition (III, 1.1) and Prop. (Ill, 1.4) 
continue to hold also in this setting. 



2 The perturbed Seiberg-Witten equations 

Using the preceding section as a guideline, we now consider perturbations of 
the Chern-Simons-Dirac functional to obtain transversality of the Seiberg- 
Witten map. To put it another way, we want to produce a moduli space 
consisting solely of non-degenerate critical points. Moreover, the perturbed 
moduli space should preferably contain only irreducible points. As we shall 
see, there are topological obstructions to the latter which lie encoded in the 
first Betti number. 

To begin with, we have to specify an appropriate set of perturbations. 
Let Zl{M;iR) denote the space of pure imaginary valued, closed^ 2-forms of 
some fixed Sobolev class k > 2. 

Definition (III, 2.1). Let {M,g) be a closed, oriented Riemannian 3- 
manifold equipped with a spin'^ structure a. For rj G Z|(M; zM) we define 



^Many authors choose co-closed l-forms of an appropriate Sobolev class as perturba- 
tions which is in more agreement with 4-dimensional Seiberg-Witten theory. We follow 
Lim's approach in [32] since the space of closed 2-forms does not depend on the metric 
which is of some convenience later. 
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the 7]-perturbed Chern-Simons-Dirac functional by 

csdrf{tp,A):=csd{tlj,A)+ / {A - Aq) A r] 

Jm 

= \ I Uij, VAij)dVg + {A- Ao) A {Fa + Fa, + 2r]) 

where Aq is a fixed element of A{a). 

Using the computations at the end of Chapter 1 as a pattern, one finds 
that the L^-gradient of csd,, is given by^ 

SW^:C((t) — >L^{M,E) 

(^,A)^SW(^,A)-(0,*r/). ^"^'^^ 

Definition (III, 2.2). Let {M,g) be a closed, oriented Riemannian 3- 
manifold equipped with a spin'^ structure a. For rj e Z|(M; zM) we call 
{ip,A) G C{a) an rj-monopole if it is a critical point of csd^, i.e., if it solves 
the rj-perturhed Seiberg- Witten equations: 



Va^j = 





*{Fa + v) = 





[III, 6) 



The moduli space of ?7-monopoles modulo gauge equivalence is denoted by 
Mriia) C Bia). 

Note that 7Vlr,(cr) is well-defined since SW,, is ^-equivariant. This is 
because the group of gauge transformations acts only on the spinor part 
of L'^{M,E) so that equivariance of SW^ follows from equivariance of SW. 
Moreover, the section SW,, restricts to a section of the bundle kerG* C* 
because rj is closed and therefore, 

Gl^,A) ° SW,(V;, A) = Gl^^A) ° SW(V', A) - 2d*(*r/) = 0. 

As in Section 11.4, we shall usually work equivariantly on the bundle ker G* 
C* instead of regarding SW^ as an L^-gradient vector field on B*. In this 
context, the covariant derivative of SW,, : C kerG* is again the index 
Fredholm operator 



H^^^A) ■■ ker 1^2) kerG 



^In this chapter wc arc going to drop the reference to the Sobolev class of configurations 
and gauge transformations, i.e., we write C instead of C and so on. 
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as defined in (II, 14). For this note that the dependence on t] vanishes when 
we differentiate SW^. 

Regularity of the perturbed moduli space. Following the guideline of 
Section 1, our next task is to establish that the perturbation map 

SW : C* X Zl{M;iR) ^kerG*, SW{{^,A),r]) := SW^(V',A) 

is transversal to the zero section. It is straightforward to see that at a point 
{^{ip, A), r/), its derivative is given by the index 1 Fredholm operator 

ker(q^,^)U2) © Zl{M; zM) ^ ker Gf^,^) ^^^^ 
((V9, a), z/) if(^,A)(v5, a) + (0, - * z/). 

Proposition (III, 2.3). The perturbation map SW is transversal to the zero 
section. 

Proof. Suppose that ((■?/', A),rpj is a zero of SW. Since we are interested only 
in gauge equivalence classes of ?7-monopoles, we may assume that modulo a 
gauge transformation, the ?7-monopole (V^, A) is at least of Sobolev class k (see 
Remark (III, 2.6) below). Under this assumption we now have to show that 
the derivative of SW at {{ip, A),r}) is surjective. Note that the derivative has 
closed image as it is Fredholm. Thus we consider (</), a) G ker G*, orthogonal 
to the image, wanting to show that this implies (<y9, a) = 0. 

For each {ip, a) which is orthogonal to the image of (III, 7), we have 

{<p,a) e (imH)^ = keTH and a±*Z^(M;zM), (111,8) 

where we are using that H is self-adjoint and are dropping the reference to 
{ijj, A). From the definition of H it is immediate that 

ker if = ker F n ker G* = ker T n ker G*, 

where F is the differential of SW and T is defined in (I, 13). This shows that 

((^,a) G kerF and {<p,a) e Ll{M,E) (III, 9) 

because [ip, A) is of Sobolev class k so that the operator T is elliptic with 
L^-coefficients and we may thus apply elliptic regularity. Therefore, if and a 
are at least continuous as /c > 2. 

From (III, 8) we deduce that a must be closed. Together with the fact 
that (v?, a) G kerF, this yields 



= q{^,^) - *da = q{i:,(f). (111,10) 
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Let U be the open subset of M on which ip is nowhere vanishing. Invoking 
Proposition (I, 1.2), we infer from (III, 10) that there exists / G L^(f/, zM) 
such that 

V\u = fiplu- 

Note that L^-regularity of / follows form the explicit formula 

To proceed, we require more information about the structure of U. This 
is provided by the so-called unique continuation principle which we state 
without proof. 

Theorem, (cf. [8], Thm. 8.2). Let M be a compact Riemannian manifold 
and S a C\{M)-module with C\{M) -compatible connection. Then the unique 
continuation principle is valid for the corresponding Dirac operator V. That 
is, any solution ip of Dip = which vanishes on an open subset on M also 
vanishes on the whole connected component of M. 

As we have chosen A) irreducible, the spinor ip is nonzero so that U 
is nonempty. Furthermore, ip is harmonic with respect to Va- Hence, the 
unique continuation principle ensures that U is dense since the complement 
of U cannot contain any open subset of M. 

Using the first part of the equation F{if, a) = 0, we find that 

= VAif^lu) + lc{a)iP\u = fVA^lu + c{df + |a)^A|c/. 
Therefore, since VA'ip = and a.s iplu is nowhere vanishing, 

df+la\u = 0. (Ill, 11) 

Now ((/), a) G ker G* ensures that 

= G*iip\u,a\u) = G*if^lj\u,a\u) = 2d*a\u - ^lm{f^P\u,^p\u). 
Applying d* to (III, 11) then yields 

= Ad*df + 2d*a\u = 4d*df + ilm{filj\u,ij\u) = 4d*df + \ {iIj\u)\^ f. 
Multiplying this equation with / and integrating over U results in 

= J^(A{df,df) + \^P\'f'yVg. 

For ip\u is nowhere vanishing, we deduce that / = and thus also (p\u = 0. 
In view of (III, 11), we hence obtain that ip and a vanish on an open and 
dense subset of M. Because of continuity, we can finally draw the conclusion 
that {if, a) = 0. □ 
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As a corollary to Proposition (III, 1.1) and to Theorem (III, 1.2) we now 
obtain from the above result: 

Theorem (III, 2.4). Let {M,g) be a closed, oriented Riemannian 3- 
manifold with spirf structure a. Then, for a generic choice ofrj^ Zl{M, iM.), 
the irreducible part of the rj-perturbed moduli space consists of non- degenerate 
points. 

Introducing a perturbation does not change the basic topological features 
of the moduli space. As it is a topological subspace of B{a), the set A^^(cr) 
is Hausdorff. Modifying the proof of the key estimate (II, 13) slightly, one 
readily gets the following: 

Proposition (III, 2.5). Let rj G Z|(M;z]R), where k > 4. Suppose (ip^A) 
is an Tj-monopole of some Sobolev class > 4. Then 

||V^||^<max{0,-2minSg(x)+2||r/|U}. (HI, 12) 

This proposition implies compactness of A1r)(o") in the same way as in 
Section II. 3. 

Remark (III, 2.6). It should be pointed out that in contrast to Chapter II 
the ?7-perturbed moduli spaces need not consist of gauge equivalence classes 
of smooth configurations. Reviewing the corresponding proofs shows that 
we can only guarantee regularity up to the Sobolev order of rj. 

Reducible rz-monopoles. Compactness of Air]{o') in combination with 
Theorem (III, 2.4) does not necessarily imply that the irreducible part of 
Airii<^) is a finite set. This is because some reducible 77-monopole might be 
an accumulation point. We thus have to understand the structure of the 
reducible locus. 

Proposition (III, 2.7). Let M be a closed, oriented 3-manifold with spin'^ 
structure a. Then, for every perturbation rj G Z^{M; iM.), there exist reducible 
rj-monopoles if and only if the cohomology class of rj satisfies 

2TTic{a) = [ri], (III, 13) 

where c(cr) G if^^(M; M) denotes the canonical class of a. If nonempty, the 
set of gauge equivalence classes of reducible rj-monopoles is homeomorphic to 
the bi- dimensional torus 

Hlj,{M-im)/Hl^{M-A7^i'L). 
where hi denotes the first Betti number of M. 
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Proof. Suppose that there exists a reducible ?7-monopole A. Then *{Fa + r]) 
is zero, and this imphes that 

On the other hand, 2mc{a) = [r]] can only hold if [-Faq] = fo^ ^ach gauge 
field Aq. This means that there exists an imaginary valued 1-form a such 
that —T] = Faq + da. We conclude that Aq + a is a. reducible ?7-monopole. 

Let Zl (M; iM.) be the space of closed, imaginary valued 1-forms of Sobolev 
class 1. Supposing for the rest of the proof that the set of such elements is 
nonempty, we fix a reducible ?7-monopole Aq. Then the map 

<^ : Zl{M;iR) ^ C, $(a) := + a, 

parametrizes the whole set of reducible ?7-monopoles. As we have seen before, 
two elements of the form Aq + a and Aq + a + df lie in the same gauge orbit 
which shows that the map $ descends to a continuous map 

^■.H}^iM;tR)^M,ia). 

The image of $ consists of the reducible part of Airii<^)- It remains to insure 
that 

ma]) = !>([«']) ^ K - a] e im (i7i^(M; 4vr^Z) ^ i/]^(M;R)). 

This is, however, only a restatement of the considerations in (D, 15). Hence, 
$ factors to a bijective and continuous map between the fei-dimensional torus 
Hjj^{M] iM) I H\^{M\ iniZ) and the reducible part of the moduli space. Since 
the torus is compact, this map is necessarily a homeomorphism. □ 

An immediate conclusion of this result shall play a major role later: If 
bi = 0, condition (III, 13) is always fulfilled. Since a 0-dimensional torus is 
simply a point, we get: 

Corollary (III, 2.8). Let M be a closed, oriented 3-manifold with van- 
ishing first Betti number, and let a be a spin^ structure on M . Then, for 
every perturbation rj e Z^(M;iR), there exists exactly one reducible point in 
Mriia). 

Suitable perturbations on manifolds with bi > 0. Since we want to 
achieve that the perturbed moduli space consists only of irreducible points. 
Proposition (III, 2.7) naturally leads to considering the restricted perturba- 
tion space 

Vkia) := {rj E Zl{M;iR) \ 2mc{a) ^ [r,]]. (Ill, 14) 
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As we have seen above the restricted perturbation space is empty if bi = 0. 
Yet, if bi > 0, then Vk{cr) is an open, dense subset of ^|(M; zM). 

Definition (III, 2.9). Let {M,g) be a closed and oriented Riemannian 3- 
manifold with spin'^ structure a and first Betti number bi > 0. 

(i) An element rj G 'Pfc(cr) is called a suitable perturbation with respect to g 
if the ?7-perturbed moduli space A^,,((t; g) consists only of finitely many 
non-degenerate, irreducible points. 

(ii) If ?7 G Vk{cr) is a suitable perturbation with respect to g, we define 

swrjia; g) := ^ £i^,A). 

[ip,A]GM^{<7;g) 

Recall that e{ip, A) is defined as the orientation transport along the family 
T{tip,A) associated to the linear path connecting (0, A) to {ip^A). Moreover, 
as an immediate consequence of Theorem (III, 2.4) we obtain that the set of 
suitable perturbations is a generic subset of Z^(M;iM). In particular, there 
exist suitable perturbation with respect to arbitrary metrics on M. 

Remark. In Section 5 we will return to the question of how to choose per- 
turbations appropriately in the remaining case 6i = 0. 

3 Invariance for manifolds with 61 > 1 

We now want to prove that on 3-manifolds with bi > 1, the number sw^((t; g) 
is independent of the metric g and the perturbation rj. 

The parametrized moduli space. Before we take up the proof of the 
theorem we have in mind, we make some general observations concerning 
the perturbed moduli spaces associated to two different metrics g^i and gi. 

Consider a Sobolev completion of the space of Riemannian metrics and 
let {gt}t£[~i,i] be a continuous family of metrics. For every continuous path 
of perturbations, rjt : [—1, 1] —* Zl{M; iM.), we define the parametrized moduli 
space by 

Mr,{a;g):= \J M,,{a; gt) x {t} C B x [-1,1] . (111,15) 

tel-1,1] 

Remark. Note that this definition necessitates a procedure to identify the 
spaces B{a; gt) for different parameters t. The material we need for this is 
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summarized in Section D.4. We choose, say, go as a fixed reference metric 
and redefine A4rit{<^]9t) as the zero set (modulo gauge equivalence) of the 
map 

where *t denotes the Hodge-star-operator on T*M induced by the metric gt. 
Moreover, we employ the notation of Section D.4 and write 

V'a^P := k;'V'2ktiJ and qtW:=q''iKt^P), 

where kt : L^{M, S; go) L^{M, S; gt) is induced by identifying the spinor 
bundles associated to different metrics. 

Irrespective of the value of bi, the following holds: 

Proposition (III, 3.1). Let M be a closed, oriented 3-manifold with spiff 
structure a , and let {gt}t(£[-i,i] be a continuous family of Riemannian met- 
rics on M. Then, for every continuous path rj : [—1,1] Zl{M;iM.) , the 
parametrized moduli space A1^((t; g) C B{a) x [—1, 1] is sequentially compact. 

Proof. Let [[ipn, ^n, be a sequence in Airiio", g). Without loss of gen- 

erality, we can assume that t„ converges to some to G [—1, 1]. We then have 
to show that there exists a subsequence of {[i^n, An])n>i which converges to 
an element in A^^j^((t; gt^,). Essentially, this amounts to transferring the cor- 
responding arguments in the proof of the compactness theorem of Chapter 
II. We shall only give a brief sketch of how this is done. 

We choose gt^ as a reference metric. As before, we may represent [ipn, ^n] 
by configurations (V'n, ^0 + ^n), where a„ satisfies (i*'oa„ = 0. Reviewing 
the proof of Proposition (II, 3.2), we draw the conclusion that this yields 
{^il^nydn) G Ll{M,E), where k > 2 is the Sobolev class of ?7t. Moreover, we 
can achieve — by possibly invoking another gauge transformation — that the 
sequence of the harmonic parts of a„ (with respect to gt^) is bounded. The 
elements {ipn, ^n) are solutions to 

{d + d*'^)an = *i4?tn(^n) - Fao - Vtu 

Since {kt^ipnyAo + an) is an ?7j„-monopole (with respect to the metric gt„), 
we deduce as in Chapter II that the L^{gt^)-noTm of the second equation's 
left hand side is smaller than some number depending on the scalar cur- 
vature St„ and the gt^-noim of r]t„. Here, we have to use the estimate 
(HI, 12) instead of the key estimate in Chapter II. Since gt and rjt are 
continuous paths, this data depends continuously on the parameter t. We 
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thus also obtain a ^^(^(jj-bound on ( *tn lluii^n) - Faq - r]t„)- Arguing 
exactly as before, we deduce that a„ is bounded with respect to Lf^gt^). 
Proceeding in this manner, we can finally achieve that {ijjn, cin) is a bounded 
sequence with respect to the Ll{gtg)-noTm, and this implies the assertion. □ 

The Seiberg-Witten invariant. We are now in the position to prove 
the main result of this thesis. Our presentation follows the proof of the 
corresponding result in the four dimensional case as given in Nicolaescu's 
book [45], Sec. 2.3.2. 

Theorem (III, 3.2). Let M be a closed, oriented 3-manifold with spirf 
structure a and first Betti number hi > 1. Suppose that g_i and gi are 
two Riemannian metrics on M and that ?7_i and rji are respectively chosen 
suitable perturbations. Then 

sWr,_M;g^i) = sw^^{a;gi). 

We thus can define the "Seiberg-Witten invariant" of the spin^ manifold 
(M, a) by letting 

sw(cr) := sw,-,(a;5(), 

where g is an arbitrary Riemannian metric, and rj is a suitable perturbation 
with respect to g. 

Proof. Let Vk{cr) denote the space of all continuously differentiable paths 
rj : [—1, 1] Vk{(j) which connect ?7_i and rji. We endow this space with 
its natural C^-topology thus providing it with the structure of a Banach 
manifold. Since we are using only the restricted perturbation space, the 
parametrized moduli space associated to a path r] G Vkio') is entirely con- 
tained in the irreducible part B* x [—1,1]. For all 77 in a certain generic 
subset of Vk{cr), Proposition (III, 1.4) implies that 7W^((t; (7) is either empty 
or carries the structure of a 1-dimensional C^-submanifold of x [— 1, 1]. In 
the first case it is immediate that 

sw^-i(o-;fi'-i) = sw^i(o-;fi'i) = 0. 

We shall thus assume from now on that the parametrized moduli space 
is nonempty, hence a 1-dimensional manifold. According to Proposition 
(III, 3.1) this manifold is sequentially compact. Moreover, its boundary is 
given by 

(7W^_,(a;(7_i) X {-1}) U (A^^, (a; (71) x {1}) . 




Therefore, Airi{<^', g) consists of a finite union of continuously differentiable 
arcs, say, q : [a^, fej] ^ i3* x [— 1, 1], i = 1, . . . , n, whose endpoints he on the 
boundary (see Fig. III.l). Note that we are neglecting closed arcs since they 
neither contribute to sw^_^ (cr; 5f„i) nor to sw^^(cr; (^i). 

To simplify notation we want to embed A^,,(cr; (?) in C* x [—1, 1]. This 
can be done in the following way: We choose representatives for Cj(aj) and 
lift the paths q : [oj, bi] — > i3* x [— 1, 1] horizontally to C* x [— 1, 1]. This can 
be done since C* — jB* is a principal bundle with ker G* — > C* as a horizontal 
structure. Then the tangent space to Ai,^{(T; g) at a point (ipjAjt) is given 
by the kernel of 

^(^At)SW^ : ker (G^^^^) 1^2) © M ^ kerG^^^^^, 

i.e., it is given by aU {ip, a, x) G ker(G*^ a)!^?) ® ^ such that 

i7f;^)(^,a) + X ■ ||^SW^^(V;,A) = 0, (III, 16) 

where H^^ denotes the Hessian at [ip, A) with respect to the metric gt- To 
relate this with the operator T, we infer from Lemma (II, 4.4) that for each 
zero of SW^ 



gt 

























where we are using the decomposition (kerG* © imG © L^(M, zM)) of the 

'(i/>,yl,t) 



space L2(M, E©zM). We now define Kr^^A,t) ■ ^ ^ L'^{M,E®iR) by letting 
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Since (q*^) yields an isomorphism from im{G\]^2) © L^(M, zM) to imG © 
L^(M, zM), we deduce from surjectivity in (III, 16) that the operator 

is onto. Moreover, its kernel is isomorphic to (III, 16), i.e., to the tangent 
space of A4r]{cr', g) at the point (-j/^, A,t). The above considerations show the 
following: If {ip,A,t) is an element of the parametrized moduli space, then 
the tangent space of Air^la; g) is naturally isomorphic to the 1-dimensional 
space ker (T(^^^^t) + K(^^^A,t))- In the language of Appendix B, the map K is a 
stabilizer of T over the parametrized moduli space, hence we have a natural 
isomorphism of vector bundles 

TMr,{cj;g) = {detT^Mr,ia;g)). 

We now use this observation to show that, given a path c : [a, b] Airii<^', g) 
which connects two boundary points, the contribution to 

swr,! {a; gi) - sw^_j (a; g^i) (III, 17) 

given by the endpoints cancel each other out. Summing over all paths yields 
that (III, 17) vanishes which is the assertion of the theorem. 

Writing c(s) = (^/^(s), A(s), t(s)), it is immediate from homotopy invari- 
ance of the orientation transport that 

e{T,)=e{^{a),A{a))-e{T',)-e{m.m). (HI, 18) 

where T, := ^(^^^^^(s)) and 



-^0 ._ 




*t{s) d 2d 





2d 




The path is the direct sum of a complex family and the family ( "^^ ) . 
As in the proof of Lemma (II, 5.2), part (i), one sees that hence, e{T'^) = 1. 

Therefore, it remains to compute e(Ts). Since rji and rj^i are suitable 
perturbations with respect to gi and g^i, the operators and Th are invert- 
ible. Hence, we may apply Lemma (C, 2.3), using the above observation that 
Kg := -R'(^(s),yi(s),t(s)) is a stabilizer for Tg. If we choose a parametrization in 
such a way that c'(s) ^ 0, then 

ker(T, + K,) = Spanj,(^'(s),A'(s),0,t'(s)). (Ill, 19) 
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Figure III. 2: Computing the orientation transport 



Note that the — shghtly confusing — ordering of variables stems from the fact 
that ker(T, + A',) C L^{M, E © zM) © M, whereas c'{s) G L'^{M, E) © M. The 
triviahzation (III, 19) of ker(T + K) induces an isomorphism 

ker(T + JOa ^ ker(T + JOft, 

given by 

xl/^(7A'(a),A'(a),0,t'(a)) := {^'{h), A{h),Q,t'{h)). 
The diagram (C, 10) in the case at hand is 

ker(T, © Ka) ker(Tb © J^t,) 



where is uniquely determined by $iK(t'(a)) = t'{h). Observe that it follows 
from the fact that and are invertible that both, t'{a) and t'{h), are 
nonzero. According to Lemma (C, 2.3), the orientation transport along Tg is 
then given by the parity of <I>r, i.e.. 

If c connects elements in distinct parts of the boundary, i.e., t{h) = —t{a), 
then necessarily sgnt'(a) = sgnt'(6) (cf. Fig. III. 2). The above formula then 
implies that e{Ts) = 1. If on the contrary, c connects elements lying in the 
same part of the boundary, then the signs of t'{a) and t'{b) differ. Hence, in 
this case, e(Ts) = —1. Applying these considerations to (III, 18), we get 



t{a) ■ e{ip{a), A{a)) + t{b) ■ €{ip{b), A{b)) = 0. 
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From this one readily deduces that the contribution given by the endpoints 
of c to (III, 17) cancel each other out. □ 

4 The case bi= 1: Wall-crossing formula 

If M is a 3-manifold with first Betti number bi = 1, then the complement of 
the space of suitable perturbations, 

Vkia) = {r]e Zl{M;tR) \ 2mc{a) ^ [ry]}, 

is a 1-codimensional affine subspace of Z|(M;i]R). The set Zl{M\iM) \ Vk 
is called the wall, and we denote it by 

Wk{a):= {r]e Zl{M;iR) \ 2Tnc{a) = [v]}- 

Note that 

= Vo + d{Ll^,{M,tT*M)). (Ill, 20) 

The parameter space now decomposes into two connected components which 
are separated by the wall. In general, we thus cannot choose a path in Vk{<y) 
connecting arbitrary suitable perturbations. The goal of this section is to 
establish a so-called wall- crossing formula which relates sw^_-^((t) to sw^^ (cr) 
if ?7_i and t]i lie in different components of Vkicr). 

The original version of the wall-crossing formula seems to be due to Y. 
Lim [32]. Our presentation largely follows the lecture notes by Nicolaescu 
[43] and the corresponding proof in the four dimensional case as it can be 
found in [45], Sec. 2.3.3. 

Positive and negative chambers. First of all, we have to provide a way of 
distinguishing the two components of Vkic). This is done via an orientation 
of the second cohomology of M. Since bi = 1 such an orientation is given by 
a closed 2- form fi such that the cohomology class [fi] in H'^[M] R) is nonzero. 
If TjQ G Wk{o-), we have r]o + ifi ^ Wkicr). This follows from (III, 20) and the 
fact that the chosen 2-form /i is complementary to imd. This motivates the 
following definition. 

Definition (III, 4.1). Let M be a closed, oriented 3-manifold with bi = 1. 
Moreover, let M be equipped with a spin'^ structure a and an orientation of 
the second cohomology. Let be a closed 2-form inducing the given coho- 
mology orientation. Then, for rjQ G Wkicr), we define the positive chamber 
V^i^a) to be the component of Vkic) containing tiq + i/i. The complement 
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of P^(cr) in Vk{cr) is called the negative chamber (a). We thus obtain a 
decomposition 

Zl{M;tR) = V^{a) U Wfc(a) U 

One readily checks that if /i, /i' and ?7o, ?7o are respectively chosen as above 
and if [yu'] is a positive multiple of [yu], then the linear path connecting r]Q + ifi 
with ?7q + Zyu' never crosses the wall. Therefore, the above definition depends 
only on the chosen orientation of if^(M;]R). Moreover, note that if fi is 
harmonic with respect to some Riemannian metric, then 

'Pki^) =Vo + {v^ Zl{M,iM) I ±(r/,2/i)i2 > 0} 

and 

Wfc(a) = + {// G Zl{M, zR) | (77, = O}. 

Exactly as in Theorem (III, 3.2) one concludes that the number sw^((t; g) 
is independent of 77 and g as long as 77 is a suitable perturbation taken from 
only one of the two chambers. We thus have the following result: 

Proposition (III, 4.2). Let (M, a) be a closed, oriented spin'^ 3-manifold 
with bi = 1. Moreover, let M be equipped with an orientation of the second 
cohomology. Then, for an arbitrary Riemannian metric g and corresponding 
suitable perturbations rj^ E "Pki^) numbers 

sw^(cr) := sw^±(cr;5f) 

are independent of g and rj^ . 

The circle of reducibles. Whenever 7/0 G 14^^,(0"), we know from Propo- 
sition (111, 2.7) that the reducible part of A^,,o(cr) is homeomorphic to the 
circle Hjj^{M; iW) / H\^{M; AniZ). If we let uq be a generator of the lattice 
if^^(M; 47rzZ), then it follows from the proof of Proposition (III, 2.7) that 
the circle of reducibles is parametrized by {Aq + rti;o}re[o,i)5 where Aq is a 
fixed reducible 7/0-monopole. 

If M is equipped with a Riemannian metric g, we may assume that ujq 
is harmonic with respect to g. This implies *Uq G ili?{M\g) so that *ci;o 
defines an orientation of ili?{M\g) and thus an orientation of the second 
cohomology. 

Definition (III, 4.3). Let {M,g) be a closed, oriented Riemannian 3- 
manifold with 61 = 1, equipped with an orientation of H'^{M; M). Moreover, 
let 0" be a spin'^ structure on M, and let 7/0 G VVfc(cr). A harmonic 1-form 
ci^o G ili}{M\g) is called a generator of reducible rjo-monopoles if [ci;o] gener- 
ates the lattice H^j^{M; AniZ) and if *ujq induces the given orientation of the 
second cohomology. 
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Note that this characterizes uniquely since there are only two possible 
generators of H^pf{M] AniZ). 

Finding a suitable path. To find the relation between sw+(o") and 
sw^(a") we have to consider a path connecting two suitable perturbations 
e V^{a). We will then derive the wall-crossing formula from a detailed 
analysis of the parametrized moduli space near the circle of reducibles. Find- 
ing an appropriate path requires some preliminary considerations. 

Proposition (III, 4.4). Let {M,g) be a closed, oriented Riemannian 3- 
manifold with bi = 1. Moreover, let M be equipped with an orientation of 
the second cohomology and a spin^ structure a. For rjo G Wkicr), let luq be 
the generator of reducible rjQ-monopoles. Then for a generic element A in 
A{a), the family {Pyi+rwo}re[o,i] is transversal with only simple crossings, cf. 
Definition (C, 1.7). 

Proof. We use the perturbation methods of Section 1. Consider the open set 
X := {ip E L\{M, S") I -j/^ 7^ 0} of non- vanishing spinors, and define a vector 
bundle V ^ X via 

:=kerRe(#,.)L2, Q ^ ^l) e LI{M, S). 

Then V X isa. bundle of R-Hilbert spaces. More precisely, V^isa. subspace 
of L^(M, 5), which we consider as an M-Hilbert space. has codimension 
1 because 

( ker Re(i'?/^, .)2,2) = Spanjgi?/^. 
Next consider the section $ : X — > \^ given by 

$(7^) := VA,i^. 

where Aq is a fixed gauge field. Observe that $ is well-defined since formal 
self-adjointness of the Dirac operator implies that Re(z^/', PaoV^)l2 = 0. At a 
zero -0 of $ we have 

= Va, : Ll{M, S) ker Re(27/^, .)l2. 

Hence, -D^$ is a Fredholm operator of index 1. This is because the Fred- 
holm operator : L^(M, S) L'^{M, S) of index produces a Fredholm 
operator index 1 when the target space is restricted to a 1-codimensional 
subspace. 

Proceeding as in Section 1, we now perturb $ to make it transversal to 
the zero section. As the perturbation space P we take the space of imaginary 
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valued 1-forms of Sobolev class 1, and the perturbation map is defined as the 
section $ of prj V X x P given by 

^{i',a) ■.= VA,+ai^. 

The next thing to establish is that for each zero {ip, a) of $, the differential 
D[^^a)^ is surjective. We thus compute 

D(^^,a)H^, b) = VA,+a^ + \c{b)tlj. (Ill, 21) 

Assume that ipo is orthogonal to the closed subspace imD(^^a)$. Then 
the above equation shows that for every G Ll{M,S), the scalar product 
Re (T>Ao+a^ , '^o)l2 vanishes. In combination with formal self-adjointness of 
the Dirac operator, this yields that 

ifo e kerT>Ao+a ■ 

On the other hand, according to equation (III, 21), the scalar product 
Re [c{b)ip , '^o) vanishes for all 1-forms b. According to part (i) of Propo- 
sition (I, 1.2), , we thus have 

(6, g(^,^o))i2 = 

for each 1-form b. This implies that q{ip, v?o) = 0. As in the proof of Proposi- 
tion (III, 2.3) we may therefore deduce that there exists / G L\{M, zM) such 
that 

^0 = f -i^- 

From the fact that VAf^+a^o = we infer that 

= VA,+aU ■i^)=f- VA,+ai^ + c{df)i: = c{df),p . 

This shows that df = 0, since ip ^ and can thus only vanish on the 
complement of a dense open set. Therefore, / is an imaginary constant and 
ipo is a multiple of i/j by /. As ipo G kerRe^iip, .)l2, this demands ipo = 0. 
Hence, is surjective. 

We now apply similar considerations as in Proposition (III, 1.4) and find 
that 

^ : X X [0, 1] X P ^ prt V, ^(^, r, a) = P^+a+^o^, 
is transversal to the zero section. Therefore, given a generic a & P, the set 

U [keiVAo+a+r^o \ {0}) X {r} (III, 22) 

re[0,l] 
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is either empty or a 2-dimensional real submanifold of X x [0, 1]. Let us 
assume the latter holds (otherwise, there is nothing left to prove). Then the 
projection 

U {],eiVA,+a+r., \ {0}) X {r} ^ [0, 1] 

rg[0,l] 

is a smooth map from a 2-dimensional manifold to a 1-dimensional one. By 
virtue of (the finite dimensional version of) Sard's Theorem, we can ascertain 
that for each r chosen from a dense subset of [0, 1], the set 

ker ipAo+a+TLoo) \ {0} 

is either empty or a manifold of M-dimension 1. On the other hand, if 
nonempty, it necessarily has C-dimension > 1. This can only be possible if 
this manifold is empty and therefore, \iei D A^^a+rujo = for every r in a dense 
subset of [0, 1]. For any other r, the kernel of VAo+a+ruo is of M-dimension 2, 
since otherwise (III, 22) could not form a 2-dimensional manifold. 

The last thing remaining to prove is that the family {V A^+a+ruo} r£[o,i] is 
transversal if a is chosen from the generic subset. Fix ro G [0, 1] such that the 
corresponding operator VAo+a+noo is not invertible, and let ipQ be an element 
of the kernel, of norm 1. Transversality of the section {ip^r) i— >■ ^!{ip,r,a) 
guarantees that 

D{^0,ro)^i.V^ a) = VAo+a+rooJo^ + r ■ £\^^^VAo+a+ruoi^O 

yields a surjection L\{M, S')©]R ker Re(i'?/'05 In particular, there exists 
{if, r) e Ll{M, S)®R such that 

V Ao+a+rou)o'^ + r ■ j-J^^^^^VAo+a+ruioi^O = "IpO- 

Since ipo is a nonzero harmonic spinor with respect to VAo+a+rouio: taking the 
L^-product with ipo enforces that 

This shows that the zero eigenvalue at the point ro crosses transversally. □ 

Corollary (III, 4.5). Let {M,g) be a closed, oriented Riemannian 3- 
manifold with bi = 1. Moreover, let M be equipped with an orientation 
of the second cohomology and a spin'' structure a. Suppose that i^^i E 'Pfc^(c) 
are suitable perturbations with respect to g. Then there exists a connecting 
C^-path 

v. [-1,1] ^Zl{M;tR) 
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such that 

(i) The path rj meets the wall transversally and does so only in 0. That is, 
Tjt G Wfc(o") if and only if t = and (?7q, *co'o)l2 > 0, where Uq is the 
generator of reducible r]Q-monopoles. 

(ii) The irreducible part of the parametrized moduli space is either empty 
or a 1-dimensional C^-submanifold of B* x [—1, 1]. 

(iii) // Aq is a reducible rj^-monopole, then the family {VAo+ruio}r(^[o,i] is 
transversal with only simple crossings. 

Proof. Fix a gauge field Aq lying in the generic set given by Proposition 
(III, 4.4). We define rjo := -Fa^ e Z^(M;zM), forcing Aq to become a 
reducible ?7o-monopole. In particular, ?7o G Wk{cr). We now provide an 
appropriate perturbation space to employ the results of Section (III, 1.1) 
again. Let us additionally fix a constant C > and consider the set of all 
C^-paths f] : [-1, 1] Z|(M;iM) satisfying 

• 7]{t) G V^{a) if ±t > 0, 

• r]{i) = r]i for i G {-1,0, 1}, 

. (V(0),*a;o)^. >C, 

where uq is the generator of reducible ?7o-monopoles. Equipped with the C^- 
topology, this set becomes a Banach manifold since it is an open subset of 
the afiine Banach space 

{ri : [-1, 1] ^ Zl{M; iR) \ r] is and r/(i) = r/^ for i G {-1, 0, 1}}. 

Note for this, that the requirement (r]'{0) , *u;o)^2 > C is an open condition. 
It implies that near a path r] satisfies r]{t) G V^{a) if ±t > 0. Away from 
0, the first property is also an open condition since V^{a) are open subsets 
of Z|(M;2M). 

We now use the above Banach manifold as a perturbation space. Each 
corresponding path automatically satisfies (i) and (iii). Similarly as in the 
proof of Theorem (III, 3.2), an application of Proposition (III, 1.1) and the 
Sard-Smale Theorem yields that for a generic choice of such t], property (ii) 
can also be achieved. □ 
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The singular cobordism. Let us now fix a path rj as in the above Corollary. 
As we have seen in Section 3, the parametrized moduli space 

is compact. However, it does in general not necessarily form a C'^-cobordism 
between the moduli spaces 7V1,,_^ (cr; (7) and JUr^^^cr; g) for singularities may 
occur at A4rioi'^] o) ^ {0}, i.e., when the path 77 crosses the wall. As the 
reducible part of Ai^toi'^) is a circle, the singular cobordism will look roughly 
as in Fig. III. 3. 

We now have to understand the nature of these singularities. Due to 
property (ii) of the path 77, they may only occur at the circle of reducibles. 

Definition (III, 4.6). Let {M,g) be a closed, oriented Riemannian 3- 
manifold. Moreover, let a be a spin'^ structure on M and let 770 G Wkicr). 
Then a reducible ?7o-monopole A is called non-degenerate if is invertible 
and slightly degenerate provided that dimckerD^ = 1. 

In the case at hand, since the reducible part of A^,,,j(cr) can be 
parametrized by {Aq + ru;o}re[o,i]! part (iii) of Corollary (III, 4.5) ensures 
that there may only occur reducibles which are at most slightly degenerate. 

Local structure near a reducible. The difficulty in understanding the 
parametrized moduli space near the circle of reducibles stems from the fact 
that reducible points lie in a different stratum of the quotient B than the 
irreducible part of the moduli space. Recall that according to the slice theo- 
rem, the local model is as follows: If (0, Aq) G C is a reducible configuration. 
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then there exists a Ui-invariant open neighbourhood U of in the shce, i.e., 

U C ker(qo_^) 1^2) = L?(M, S) © keT{d*yj, 

such that U/ Ui models an open neighbourhood of [0, Aq] in B. Recall that 
in accordance with our earlier considerations, Ui acts only on the spinor part 
of Ll{M, S)®ker{d*\L2). 

If r] : [—1, 1] — > Z|(M, iM) is a path of perturbations such that r]Q admits 
a reducible monopole {0,Ao), then the above shows that the parametrized 
moduli space A^^((t) near [0, Aq, 0] is homeomorphic to 

{{ip,a,t) eU X i-e.e) \ SW^,(v., ^ + a) = O}/ Ui, (111,23) 

where U is a suitable Ui-invariant open neighbourhood of in the slice at 
(0, Aq) given by the slice theorem. To understand the above zero set, we let 

s : L?(M,5) ©ker(rf* 1^2) x {-e,e) — > L^{M,S)®keid* (III, 24) 

be defined by 

s((^,a,t) :=Proji2(M,s)®ker<i- o SW^,((^,Ao + a) 

Therefore, s(v9, a, t) and SW^j((/9, Ao + a) coincide whenever the 1-form factor 
of SWrjt (</?, Ao+a) is co-closed. Since s{^p, a, t) = implies that ip is harmonic. 
Proposition (I, 2.1) shows that this is true at every zero of s, i.e., 

s(</?, a, t) = SW^, (</?, Ao + a) = 0. 

Hence, the local model (III, 23) can be replaced by a neighbourhood of in 
s~^(0)/Ui. Summarizing this, we have the following: 

Lemma (III, 4.7). Let {M,g) be a closed, oriented Riemannian 3-manifold, 
and let t] : [—1,1] — > Zl{M,iM.) be a a path of perturbations such that rjo 
admits a reducible monopole (0, Aq). Then there exists a Ui-invariant neigh- 
bourhood U of in Ll{M, S) © ker((i*|i2) such that 

{((/?, a,t) eU X {-e,s) I s{(f,a,t) = 0}/Ui 

is homeomorphic to an open neighbourhood o/ [0, Aq, 0] in 7\/l^(cr). 

For the remainder of this section, we consider the situation of the last 
paragraph, i.e., we shall always assume that bi = 1 and that rj is chosen as 
in Corollary (III, 4.5). Moreover, we fix a reducible ryo-monopole (0, Aq), and 



80 



Chapter III. Seiberg-Witten Invariants 



let uq denote the generator of reducible ?7o-monopoles. To study A^^((t) near 
[0, Aq, 0], we compute that the differential of s at 0, 

Dqs : L?(M,5) ®ker(d*|i2) ©M^ L2(M, 5) ©kerrf*, 

is given by 

Dos{<^,a,t) = Proji2(M,s)®kerd- (^^Ao<^, -*da- *(L>o^)(t)) 

where we are using that *da and *?7g are co-closed. Observe that da+t-rj^ = 
if and only if da = and t = 0. This is because (?7g, *ujo)l2 > so that 
necessarily [?7q] ^ 0, whereas [da] = 0. We conclude that 

ker Dqs = kerPAo © ker (i|kerd* © {0} 
= keTVA,®tn\M)®{0}. 

The cokernel of Dqs is given by the orthogonal complement of imDoS in 
L'^{M,S) © kerd*. Since kerrf* is spanned by ?7q and the image of *d, we 
deduce that 

cokerDoS = cokerD^o © {0} = kerl^Ao © {0}. 

Lemma (III, 4.8). // Aq is non- degenerate, then a neighbourhood of 
[0,ylo,0] in the parametrized moduli space Airi{<^) is homeomorphic to a 
neighbourhood of Aq in the circle of reducibles. 

Proof. Recall that the circle of reducibles near [0, Aq, 0] is given by 

{[0,Ao + ruJo,0]eBx [-1,1] | r G (-<5,<5)}, 

where 5 < |, and uq is the generator of reducible ?7o-monopoles. In terms of 
the local model s~^(0)/Ui, this corresponds to the line 

{{0,ruJo,0)eLl{M,S)®keTd*\L2x{-e,e) \ re (-6,6)}, (111,25) 

where we are using that Ui acts only on the spinor part, hence has no effect on 
the above set. As kerP^^ = at a non-degenerate monopole, the differential 
Dqs is surjective and has kernel equal to iT-C^{M). As this is 1-dimensional, 
the implicit function theorem implies that (III, 25) is exactly the zero set of 
s near 0. □ 

Remark. The fact that ker Dqs = iTi^^M) motivates the remark following 
(II, 22) that in\M) is the tangent space to the reducible part of the moduli 
space. 
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Proposition (III, 4.9). Let Aq be slightly degenerate and fix tpo G L\{M, S) 
of norm 1 spanning kerP^^. Then in a neighbourhood of the following 
holds: 



s{ip, a, t) = <^=^ {ip, a, t) 



(0,ra;o,0) tfv = Q 

{zipo,9iz)uJo,0) + f{z,g{z)) tf (f ^ 



with small {z,r) G C x M, and where uo is the generator of reducible rjo- 
monopoles. The map f is a Ui- equivariant C^-map 

/ : C X {keiVAo^in^)^, 

where the orthogonal complement is taken in L\{M^ S) ©ker((i*|i2) ©M. The 
map : C — >• M «s and Ui-invariant. Both maps vanish of second order 
in 0. 

Proof. We will use the so-called local Kuranishi technique to study the zero 
set of s near 0. Let 

$ := Proji^^,^, OS and ^ := Proj,„kcrDo. 

As s = $ © we have to find the common zeros of $ and \E'. Since we 
have forced $ to have a surjective differential at 0, we can apply the implicit 
function theorem to obtain a C^-map 

/ : keiVAo © ^ (kerP^^ © iH^)^ 

such that the graph of / locally describes the zero set of $. More precisely, 
using coordinates {z,r) with respect to {ipQ,uJo) on kerVAo (BiH^, we have 
for small {(p, a, t) that 

$(V9, a, t) = <^ {if, a, t) = {zipo, ruo, 0) + f{z, r) . 

The first observation is that /(0,r) = for every r. This follows from the 
fact that $(0,rti;o,0) = 0. Moreover, as the zero set of $ is Ui-invariant, we 
infer that / is necessarily Ui-equivariant, i.e., 

f{Xz,r) = \f{z,r), AgUi. 

Recall that on the right hand side, A only operates on the spinor part. 
To extract information about the zeros of s we now investigate 

^:CxM^kerP^„, 4l{z,r) := *((2;^o, ro^o, 0) + r)). 
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This map is called the Kuranishi obstruction map. It reduces the original 
infinite dimensional problem of finding the zeros of s to finite dimensions. 
From the corresponding property of / it is immediate that \E'(0,r) = for 
every r and that is a Ui-equivariant map. Note that the latter implies 
that for fixed r, the map ^I/(.,t) is complex differentiable in 0. Therefore, we 
can factor out z writing 



'^{z^r) = z ■ ^fi(2;,r), where ^'1(0, r) := 



Since \i/(z,r) is C^, the map is at least C^. This easily follows from the 
Taylor Formula. We now claim that 




dr I (0,0) 



^i{z,r) = K-ipo, where k := i(c(ci;o)V'o, ^o)l2 • (111,26) 



Observe that r) = ^^\^^^^'^{z,r). Making use of the definition 

of \E' and letting 11 := Proj^^rX)^^ we have 

£l(o,.)^(^'0 = £|(,,,,)noso ((z^o,r.;o,0) + /(z,r)) 

= n o D^o,ruo,o)S o |(Q^^)(zV^o,rwo, 0) + ^|(o^,)/(^, r)) 

= n O (VAo+ruoi^o) + n O ^ I ^^^^^ {VAo+a{z,rMz, r)) , 



where (p{z, r) and a{z, r) denote the spinor and the 1-form part of f{z, r) re- 
spectively. Note that we have written down only the spinor part of -D(o,rwo,o)'5 
which is sufficient since the 1-form part vanishes when 11 = Projj^^^.^^ is ap- 
plied. Since ipo G kerP^^, we find that 



n o (VAo+ruo'iPo) = {T^Ao+ru;oi^o , ^^0)^2 = |(c(ru;o)^o, V^o)l2 = k • r. 

dz I (0,r) 



The second term in the above expression of .^(2;, r) is equal to zero 



because 

= f l(o,r)(^^o<^(^,'^), ^^0)^2 + |^|(o^^,)(c(a(z,r))(^(z,r), 
= ^z I (o,r) i'^Aofiz, r) , 7/^0) ^2 + I (c(f I (o,,)«(2:, r))^{0, r) 



L2 
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Here, the first summand vanishes as V^o is harmonic and is formally 
self-adjoint, while the second and the third term equal zero since a(0,r) = 
(p{0,r) = 0. For this recall that /(0,r) = 0. Putting these computations 
together proves (III, 26). Note that we have also proved that \l/i(0,0) = 0. 
The next observation is that 

sgn K = SF{VAo+ru.o; • (HI, 27) 

This is because the family {T>Ao+rujo} has only simple crossings so that 

SF(pAo+rc^o; kKl) = Sgn (fl^^o^^Ao+r^o^O , ^0)^2 = Sgn | (c(^o)^/'o , ^/'o)^2 ■ 

In particular, k ^ since the family is transversal. 

Combining this information with (III, 26) shows that \l/i(0,0) = and 
^ Q^^i(z, r) 7^ 0. This allows us to apply the implicit function theorem 

to the map near which produces a C^-map g : C such that in a 

neighbourhood of 0, 

'^i{z,r)=0 <^=^ r = g{z) . 

By definition of \1/ and according to the equivariance property of /, one 
readily ensures that the map g must be Ui-invariant. 
Putting all pieces of information together yields 

s(V9,a,i:) = <^=^ $(V9, a,t) = and \l>(v9, a, t) = 

{ip,a,t) = (z^po^ruJo.O) + f{z,r) and '^{z,r)=0 

(0, ruo, 0) if = 

{zi^o,g{z)uJo,0) + f{z,g{z)) if v3 7^ 0. 



(V9,a,t) 



From the fact that g is a. Ui-invariant map satisfying g{0) = 0, we imme- 
diately obtain that it vanishes of second order. Moreover, if we write 

f{z,9{z)) = {(p{z),a{z),t{z)), 

then Ui-equivariance of / means 

{p{\z) = \ip{z), a{\z) = a{z) and t{Xz)=t{z), A G Ui . 

Hence, a and t are also Ui-invariant and thus vanish of second order in 0. 
To compute v^'(O) we note that 

= Do^(f |^^^(zV^o,^?(^)^o,0) + i\^^J{z,g{z))) 
= (P^„^Ao + Pao<^'(0),0) = (P^,<^'(0),0), 
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where we are using that a'{0) = g'{0) = and that ipQ is harmonic with 
respect to Vaq- We deduce that Vao^p'{0) = 0. On the other hand, ip'{0) ± 
kerD^o ioT the image of / is contained in (kerD^o ©iTY^)"*". Hence, (p'{0) = 
which shows that (f also has a zero of order 2 in 0. □ 

Remark. From the Ui-equivariance and Ui- invariance properties and the 
fact that / and g vanish of second order in one deduces from the above 
proposition that a neighbourhood of [0, Aq, 0] in 7V1^((t) is homeomorphic to 
a neighbourhood of in 

{{z,x) G M° X R I ^ = or X = 0}, 

where MP^ := U {0}. The branch IR+ x {0} corresponds to the irreducible 
part of the parametrized moduli space near [0, Aq, 0]. 

The next result shows that the spectral flow of {I^yio+™o} at r = de- 
termines whether the irreducible branch hits the circle of reducibles coming 
from the left or from the right. More precisely. 

Proposition (III, 4.10). If Aq is a slightly degenerate rjo-monopole, then 
the following holds: 

• If SF{VAo+rwo] M^.'i-) = —1, then the irreducible part of Ain^a) near 
[0,Ao,0] is entirely contained in B* x [—1,0). 

• // SF(DAo+ra;oj kl<i) = 1; then the irreducible branch lies in B* x (0, 1]. 

Moreover, if A, t] is an element of the irreducible branch close^ to 
[0,Ao,0], then 

e{i;,A) = l. 

Proof. As the path rj is chosen according to Corollary (III, 4.5), we infer from 
part (i) of this result that 

VteV^ia) ^ ±t>0. 

Let / and g be as in Proposition (III, 4.9), and write f{z,g{z)) = 
(^ip{z),a{z),t{z)) . Then the first first part of the proposition will be es- 
tablished if we prove that that 

SF{VAo+rcoo; IH«i) = ±1 ^ r/t(,) G V^ia) for \z\ < 1. 
By definition of uq, this amounts to the same as proving that 

SFCDao+tuo', |r|«i) = sgn (r]t(z) - Vo , *^o) ^2 for < 1- (III> 28) 
■^The proof will provide a more precise meaning for that. 
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We recall that [ztpQ + lp{z),Aq + g{z)LAjo + a{z)) is an r]t{z)-^oia.opole. In 
particular, 

lq{z^o + ip{z)) -*{Fao + g{z)dujQ + da{z) + rjti^^)) = 0. 
As Faq = —rjo, taking the inner product with *ljo shows that 

{Vtiz) - Vo 5 *^o)^2 = ( * hizi'o + ffiz)) - da{z) , *u;o) 

\q{ziljQ + ip{z)) , Uq 



L2 



L2 



In the last line, we have used that da{z) is orthogonal to the harmonic form 
*uj. Invoking Proposition (I, 1.2), we find that 



L2 



l\z\'^K+ iRe {zcM'ipo , ^(z))^^ + l{c{uJo)^{z) , Lp{z)) 



L2- 



Here, we employ the term k as defined in (III, 26). Since (p vanishes of 
second order in 0, the right hand side of the above equation equals up 
to a term which vanishes of order three at 2; = 0. From the Taylor expansion 
of the right hand side we thus infer that the signs of {Tit{z) — Vo ; ^^-^o) and 
K coincide for small z. On the other hand, we have already observed in 
(III, 27) that sguK = SF(VAo+ruioi Putting these observations together 

proves (III, 28) and thus the first part of the proposition. 

Given [?/',y4,t] in the irreducible branch close to [0,ylo,0], we now want 
to compute e{ip,A). Recall that this number is defined as the orientation 
transport along the family {T(^stp,A)} associated to the affine path from (0, A) 
to {ijj, A). Part (i) of Lemma (II, 5.2) shows that in order to compute e{tp, A) 
we can equally use the affine path from {0,Aq) to {ip,A). This path is, 
however, homotopic to the path of configurations associated to the part of 
the irreducible branch connecting [0, Aq, 0] with [■?/;, A, t], i.e., to the path 

[0,zo]^Cia), z^ {^ljiz),Aiz)), 

with 

{ij{z),A{z)) := {ziJo,Ao + giz)uJo) + (</^(^), a(^)). (Ill, 29) 

Here, zq is chosen in such a way that [^'(-^o), ^(^o), ^(-2^0)] = [V^,^, Re- 
call that (p{z) and a{z) denote the spinor and the 1-form part of f{z,g{z)) 
respectively. We now want to compute the orientation transport along 
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Tj := T(^ip(z),A{z)) for z G [0, Zq]. To simplify the corresponding calculation, we 
make the following consideration: As in the proof of Theorem (III, 3.2), we 
can represent the tangent space to the irreducible part of the paramterized 
moduli space at [ip, A, t] via 

T[^,A,t]M; = ker (T(^,,^) + K^^,A,t)) C LI{M, E ® iR) ® M, 

where K(^^^A,t){x) := x ■ -^ItSWrjtiip, A). This shows that T(^,a) is injective 
whenever the projection T[^^A,t]-M* ^ M is an isomorphism. According to 
Sard's Theorem, this is true for t in a dense open subset of [—1, 1] because 
the projection M.* [—1, 1] is a map between 1-dimensional manifolds. 

This implies that by possibly choosing [-i/^,/!, t] closer to [0, Aq, 0] it can 
be guaranteed that for each < 2 < 2:0, the operator := T(^ip{z),A{z)) 
is invertible. Therefore, the only contribution to the orientation transport 
along is encoded in the spectral flow of at 2 = 0. The latter can be 
understood by means of the crossing operator 



Ct(0) :=Projke.To°(^L=o^.) 



ker To 



cf. Definition (C, 1.7). The operator is explicitly given by 
T \ a \ = I -*d 2d \ \ a 



T^Ao 











— * d 


2d 





2d* 






^c{g{z)uJo + a{z))(p + ^c{a)ip{z) - fip{z) 
—i Im (^(f , ^{z)) 

Note that the first term does not depend on z. According to(III, 29), we 
have that ip'{0) = ipo- Furthermore, a{z) and g{z) vanish of second order in 
0. We thus conclude 

iTz\z=oT^)\^] = ^(^0,^) 

Recalling that kerTo = keiVAg © T-C^{M) © zM, we employ real coordinates 

(^{u + iv)iJo, iy^ G ker Tq. 

^^^rp^ is then represented by 
<^i^\)i'o-iyi^o \ /ic(x^)^Ao - z#o' 




-ilm{u'4)o + viiJjo, tpo)/ \ -iv\ipo 



0) 

2 
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On the other hand, the orthogonal projection Proji^-^To given by 
(V^, a, /) ^ ( Re {if , ipo)^2'>Po + Re , iipo) ^Jipo, {a , p^)i2p^, 



L2 



since {ipo,iipQ, ■jj^,'^) forms an orthonormal basis of kerTo. With respect to 



this basis, the operator Ct(0) corresponds to 

/Re(|cte)V^o,V^o)^A 



{u,v,x,y) 



V 



Re ( - iyipo , #o)i2 



J 



y 



V 



-V ) 



Note that we have apphed Proposition (I, 1.2) to express the third row in 
terms of k. 

We now conclude that the crossing operator has the matrix description 



Ct(0) 



lu\ 




1 ° 





K 
ll"^!)! 


V 













X 




ll^oll 












V 


-1 






-1 



0/ 



[u\ 

V 
X 



> which proves that the crossing operator at 



Therefore, det Ct(0) = ir 
the starting point of the path can only have an even number of negative 
eigenvalues. Therefore, the spectral flow of is even. According to the 
orientation transport formula of Theorem (C, 2.5), we may finally deduce 
that e{Tz) = 1 which proves the claimed formula. □ 

After having analysed the local structure of the parametrized moduli 
space near the circle of reducibles, we are now able to prove the main result 
of this section. 

Theorem (III, 4.11) (Wall-Crossing Formula). Let M be a closed, oriented 
3-manifold with first Betti number bi = 1. Suppose that M is equipped with 
a spin'^ structure a and an orientation of the second cohomology. For an 
arbitrary metric g on M let rj±i G V^{a) be suitable perturbations with respect 
to g. Then for any path t] connecting ?7_i with rji and satisfying the properties 
of Corollary (III, 4-5), 



(III, 30) 



where Aq is an arbitrary reducible rjo-monopole, while ujq is the generator of 
reducible t/q monopoles. Therefore, 



sw (T 



sw (7 



^^o] Ac(a). 



M 



'■Am 
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-I t I -1 t 1 



Case 1 Case 2 

Figure III. 4: The two possibilities how an arc might approach a reducible 

Proof. According to part (ii) of Corollary (III, 4.5), the irreducible part of 
Airiio') is a 1-dimensional C^-submanifold of B* x [—1, 1]. Hence, it can be 
written as the union of a finite number of C^-arcs 

Ci : [ai,bi] ^ B* X [-1,1], Ci{s) = [ipi^s), Ai{s),ti{s)], i = l,...,n. 

As in the proof of Theorem (III, 3.2), the contribution to sw^j((t)— sw^ ^((t) of 
an arc connecting points lying in the boundary [Air^_-^ x {— 1}) U [Airji x {1}) 
is always 0. However, some endpoints may lie in the circle of reducibles 
(cf. Fig. HI. 3). We have to show that the contribution of these arcs is 
exactly the of the spectral flow of T>Ao+nuo- Let us assume from now on that 
c[a,b] — > S X [—1, 1] is an arc for which, say, c{b) lies in the reducible part. 
As a consequence of Lemma (HI, 4.8), this implies that A{b) is degenerate. 
Part (iii) of Corollary (HI, 4.5) guarantees, though, that A{b) is only slightly 
degenerate. Therefore, Proposition (III, 4.10) describes the way in which 
way the image set of c near c{b) meets the circle of reducibles. To relate 
e(tjj{a), A(a)) with the spectral flow of I^A(fe)+ri^o have to account for 
several different situations. 

Let us assume first that c(a) G 7Vl^_-^(cr) x { — 1}. Then there are two 
possibilities of how c might meet the circle of reducibles (cf. Fig. III. 4). 

Case 1: c{s) is contained in B* x [—1,0) for s close to b: Under this as- 
sumption, we can find Sq in any arbitrarily small neighbourhood of b such 
that t'(so) > 0. Exactly as in the proof of Theorem (III, 3.2), this results in 

^(7'(V.(s),A(s)); sG[a,so]) = 1. 

In combination with homotopy invariance of the orientation transport this 
proves 

e{^{a),A{a)) = e(^(so), A(so)) . 
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On the other hand, we infer from the last assertion of Proposition (III, 4.10) 
that 

e{ij{so),A{so)) = 1, 

where we possibly have to adjust sq. Moreover, since c(s) meets [0,^4(6), 0] 
coming from B* x [—1,0), we deduce from the first part of the same result 
that 

SF(DA(6)+r(^o; = -1- 
Combining the above observations, we conclude that 

€{^p{a),A{a)) = -SF{VA(b)+ru;o'^ kKi)- 

Therefore, the contribution of c to sw^^(cr) — sw^_^(cr) is SF{VA(b)+ruioi l^l«i)- 

Case 2: c(s) is contained in B* x (0, 1] fors close to 1: Invoking Proposition 
(III, 4.10) in the same way as before, we find that in this case 

e{tlj{a),A{a)) = -e{tlj{so), A{so)) = -1, 

where Sq is chosen appropriately. On the other hand, 

SF(P^(f,)+ra;oi l'H<l) = 1, 

and therefore again, 

€{^p{a),A{a)) = -SF{VA{b)+ru;o'^ IH«i)- 

Let us now assume that c connects an element of 7W^^(a") x {1} with a 
reducible. Similar arguments show that independently of the direction from 
which c meets the circle of reducibles, 

e{i){a),A{a)) = SF{T>A(b)+rujo'^ IH«i) 

so that again, the contribution to sw^^(cr) — sw^_-^(cr) is the spectral flow of 
1^A{b)+ruo near A{b). 

However, we have not yet taken all possibilities into account for c might also 
connect two distinct reducibles [0,y4(a),0] and [0,^4(6), 0]. In this situation, 
there are further cases to distinguish (cf. Fig. III. 5). 

Case 3: c{s) G i3* x [—1,0) for both, s ^ a and s b: Choose Sa and 
Sb appropriately close to a and b respectively. Then the last assertion of 
Proposition (III, 4.10) shows that 

e{^{sa),A{sa)) = l=e{^{sb),A{sb)). 
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t t 
Case 3 Case 4 



Figure III. 5: Paths connecting distinct reducibles 



On the other hand, transferring the arguments of Theorem (III, 3.2) to the 
situation at hand yields 

which contradicts the above. Hence, this case can actually not occur. Clearly, 
the same occurs if we assume c(s) E B* x (0, 1] for s close to a and b. 

Case 4: c{s) E B* x [-1, 0) for s ^ a, and c{s) E B* x (0, 1] for s b: In 
contrast to the above case such an arc may indeed exist. According to the 
first part of Proposition (III, 4.10), we then have 

SF{VA{a)+nuo'^ k1<l) = -1 = - SF('DA(fe)+™o ! kKi)- 

Therefore, such an arc neither contributes to the left hand side nor to the 
right hand side of the equation we aim to prove. 

These considerations show that every arc c hitting the circle of reducibles 
in some point [0, Ai, 0] yields a summand SF{VAi+rujo] l^l<i) in the left hand 
side of (III, 30). Therefore, 

sw^^(a) - sw^_^(o-) = ^ SF{VA,+ruo; IH«i), 

where the sum is taken over all gauge equivalence classes [0,Ai, 0] hit by an 
arc in the parametrized moduli space. 

Letting Aq be an arbitrary reducible ?7o-monopole, part (iii) of Corollary 
(III, 4.5) ensures that {VAo+rujo}r£[o,i) is a transversal family with only simple 
crossings. Hence, the spectral flow of {VAo+ru}o}re[o,i) is given by summing up 
the contributions near all slightly degenerate reducibles. These are exactly 
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the points where an arc in the parametrized moduh space hits the circle of 
reducibles. Therefore, 

[0,Ai,0] 

which proves the first version of the wall-crossing formula. 

We will only briefly sketch how the second version follows from the first 
one. Since [ujq] G H\^{M \ Atii'L) , it follows from (D, 15) that there exists a 
gauge transformation 7 such that 

[cuo] = [27-^^7] . 

This gauge transformation determines a line bundle L{a) — > S*^ x M by 
means of identifying the ends of the puUback of L{a) to [0, 1] x M via 7. The 
family {A + xu;o}xg[o,i] then gives rise to a connection A on L{a). It turns out 
that I/(cr) is the canonical line bundle associated to the puUback^ of the spin'^ 
structure cr on M to S*^ x M. A result^ of Atiyah et. al. [3] ensures that the 
spectral flow of {'D Ao+x^o) equals the index of the spin*^ Dirac operator 
associated to A. This index can be computed using the Atiyah-Singer index 
Theorem and it turns out that (see Lim [32], Sec. 4.2) 

SF(Pa„+.^„; .e[o,i)) = \l ^F^A ^F^ . 

° J[0,l]xM 

Since A = Aq + xujq, we compute 

^^A A = H^Fa, + i^dx A uo)' = 2dx A A ^F^^. 

Therefore, 

SF{Va,+,^,] xe[o,i)) = -l I 4^^o A ^Fa, = -\ [i^^o] A c{a). □ 

^ J M J M 

5 Manifolds with hi= 

Let M be a closed, oriented 3-manifold with first Betti number 61 = 0. 
Hence, if^(M;M) = H^{M;B) = 0. A manifold of this type is usually 

*For a similar discussion concerning manifolds of the type [0, 1] x M see [45], Sec. 2.4.1. 

^The theorem we are referring to seems to be rather a folklore result than a well- 
established fact; it is, however, well motivated in loc. cit. Moreover, Robbin & Salamon 
[50] give a rigorous proof in a context which slightly differs from the situation at hand. 
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called a rational homology sphere which refers to the fact that its rational 
cohomology or, equivalently, its real cohomology is the one of S''^. A manifold 
whose singular homology equals H^{S^; Z) is then called an integer homology 
sphere. 

Let us first consider some specialities related to the vanishing of bi. 
First of all, the possible number of spin'^ structures is very limited. Since 
H'^[M] M) = 0, the image of the canonical class of a spin'^ structure a in the 
real cohomology always vanishes. Therefore, the canonical line bundle L{a) 
is flat. Hence, there exists up to gauge equivalence a unique fiat connection, 
which we denote® by A^. Moreover, we have already observed in Corollary 
(III, 2.8) that for each rj G Z^(M;iM), the perturbed moduli space A1,,(cr) 
contains exactly one reducible point. Up to a choice of A'', a canonical 
representative of this reducible is given by — d'^^rj, where d^'^rj denotes 
the unique co-closed 1-form u such that du = rj. Here, we are using that 

{M; M) = which in association with Hodge decomposition implies that 
fl^{M) = ker d © ker d*. Note, however, that the map d~^ depends on the 
metric. 

Count of monopoles in the case 6i = 0. Since the definition of sw^((t) in 
Definition (HI, 2.9) is not well-suited if the underlying manifold is a rational 
homology sphere, we have to invoke some further considerations. As before, 
we call a reducible //-monopole A non- degenerate if is invertible and 
slightly degenerate if Va has a one dimensional kernel. 

Proposition (III, 5.1). Let M be a rational homology 3-sphere with Rie- 
mannian metric g. Furthermore, let a be a spin^ structure on M and let A^ be 
a flat connection on L[a). Then, for any rj G Z|(M; iM) such that A^ — d~^r] 
is non-degenerate, the reducible rj-monopole lies isolated in 7W^((t; (7). 

Proof. Let Aq := Al — d~^T]. We infer from the slice theorem that a 
neighbourhood of [0, Aq] in B is homeomorphic to a neighbourhood of 
in [Ll{M,S) © ker(ci*|^2))/Ui. Modulo Ui, the moduh space near [0,Ao] is 
then given by the zeros of 

Lj{M, S) © ker(rf*|i2) -> L^(M, S) © kei d\ 

{(f, a) ^ Proji2(M,s)®kerd* SW(y?, Ao + a). 

Note that the projection onto L'^{M, S) © kei d* does not produce any new 
zeros. This is for the same reason as in the case of the parametrized moduli 

^ Since is a 1-form, no notational confusion with the isomorphism b : TM T*M 
induced by the metric should be feasible. 
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space in Lemma (III, 4.7). The differential of tlie above map at tlie point 
is given by 

Ll{M, S)®keT{d*\q) L\M, 5) ©kerrf*, 
{(f,a) ^ [VAa'f, -*da). 

Its kernel is clearly equal to kerP^g ©ker (i|kerd*- Since Aq is non-degenerate, 
kerD^o = 0. Furthermore, kerd (1 herd* = for rational homology spheres. 
Hence, the differential is invertible so that the inverse function theorem shows 
that is an isolated point of the zero set. Therefore, [0, Aq] is an isolated 
point of A4r]{o';g). □ 

Definition (III, 5.2). Let M be a rational homology 3-sphere equipped 
with a Riemannian metric g and a spin'^ structure a. 

(i) An element t] G Z|(M; zM) is called a suitable perturbation with respect 
to g if the ?7-perturbed moduli space Mr^icr; g) consists only of non- 
degenerate points. 

(ii) If ?7 G Zl{M; iM.) is a suitable perturbation with respect to g, we define 

sw^((t;^):= ^ e{ilj,A), 
[^,A]e>i;(<7;3) 

Note that the sum is taken over the irreducible part of the moduli 
space which is finite since, according to Proposition (III, 5.1), the reducible 
point is isolated and thus cannot be an accumulation point for irreducible 
monopoles. Recall from Theorem (III, 2.4) that the condition that irre- 
ducible ?7-monopoles are non-degenerate is a generic property. As we shall 
see below, this is true also for the condition that the reducible ?7-monopole 
is non-degenerate. 

Finding suitable paths. Ultimately, we are going to establish is a formula 
describing the dependence of sw^((t; g) on g and rj. Therefore, as in the pre- 
vious sections, we need to find an appropriate path connecting two suitable 
perturbations. 

Proposition (III, 5.3). Let M be a rational homology 3-sphere with spin^ 
structure a, and let A^ be a fixed flat connection on L(a). If {gt}te[-i^i] is 
a smooth path of Riemannian metrics on M , then a generic C^-path at : 
[— 1, 1] — * Ll{M,iT*M) has the following properties: 

(i) The family {1^\^,_^_^^}te[~l,l] is transversal with only simple crossings, 
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(ii) If ip is a non-vanishing harmonic spinor with respect to V^^^,^^^, then 
where the index t refers to the metric gt- 

Proof. We may consider both parts independently since the intersection of 
two generic sets is again generic. The proof of the first part is very similar to 
the corresponding proof in the case hi = 1. First of all, we fix a Riemannian 
metric g on M and consider again the Hilbert bundle V —>■ X over X : = 
L2(M, S) \ {0}, defined by := ker Re(#, .)l2. Define 

$ : X ^ V, ^^|J) := V^^i;. 

This section is Fredholm of R-index 1. Exactly as before, we can make this 
section transversal by invoking the perturbation 

$ : X X P ^ prl V, a) := V^.^.^j , 

where P := Ll{M,iT*M) denotes the perturbation space. 

Now let gt be a smooth path of Riemannian metrics on M. Applying 
Proposition (III, 1.4), we draw the conclusion that for a generic C"*-path at, 
the set 

U kerP^„+,^\{0}x{t} 

is either empty or carries the structure of a 2-dimensional real C™-submani- 
fold of X X [—1,1]. The same arguments as in Proposition (III, 4.4) then 
ensure that at satisfies part (i) of the assertion. 

Turning our attention to part (ii), we fix the metric again and consider the 
section 

<D' : X -> y © M, <^\ij) := (v^^^P, {d~' * U o g(V;) , qW) , 

where II := Projjjj^j.^, . The relation {d~^)* = *d~^* together with a simple 
computation shows that 

D^$'(<^) = (V^,^, {d^' * n o q{ij) , 4q{ij, (p))^,) . 

We want to prove that -0^$' : Ll{M, S) ker Re{iip , .) l2 ® R is a Fredholm 
operator of index 0. For this we consider the formal adjoint. Let ipo G 
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{keiReiitjj, .)l2 n Ll) and r G M. Then for any G L^M, S), 

= Re (P^bv? , v5o)i2 + ^ ■ * n o g(^) , 4 ■ ^p)) 
= Re , P^bf/^o + 2r ■ c[d~^ * 11 o q{ilj))ip^ ^ , 

where we have used the formula (^a , q{ip,(p)) = | Re (c(a)?/' , ^9)^2 of 
Proposition (I, 1.2). Therefore, the formal adjoint of -D^,$' is given by 

(kerRe(#,.)i2 nL^) ®m^L\M, S), 

(V^o, r) t-> P^bV^o + 2r ■ c(rf"^ * 11 o q{i)))ip . 

The first summand is a Fredholm operator of index 0. Since the second term 
is compact, we deduce that the formal adjoint of -D^$' is Fredholm of index 
0. Therefore, -D^$' is also Fredholm of index 0. 

We now proceed in the spirit of the perturbation results in Section 1 and 
make $' transversal to the zero section. Let 

$' : X X Ll{M, iT*M) -^V®R 

be defined by 

|)'(^,a) :=$'(^) + (ic(a)^,0). 

Since V^bj^ai^ = at a zero {ip, a) of we deduce from Proposition (I, 2.1) 
that q{ilj) is co-closed, i.e., 11 o q{ip) = q{il)). The differential of $' is then 
given by 

D(^,,„)l>'((^, h) = (p^b+,<^ + |c(6)V^, {d-^ * q{^) , 4g(V', ip)) ^.'^ . 

We claim that this map is surjective. Let {(po, r) be L^-orthogonal to the 
image of This implies that 

I^A^+aV^o + 2r ■ c(d"^ * g(?/;))?/' = and ^Re {c{b)tlj , ipo)) = 

for any b G Ll{M, iT*M). As in the proof of Proposition (III, 2.3), the latter 
equation implies that there exists / G L^(M, -iM) with ip^ = fip. Inserting 
this in the first equation then shows that 

c{df + 2r ■ d-^ * q{tp))ij = 0. 

By virtue of the unique continuation principle, ip is nowhere vanishing on a 
dense open subset of M. Hence, necessarily df +2r-d~^*q{ip) = 0. As the first 
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summand of left hand side is closed and the second summand is co-closed, we 
infer that both terms vanish. Therefore, / is constant and r ■ * q{4j) = 0. 
The first fact implies ipo = because Re{iip, f'ip)L^ = Re{iip , ipo) ^2 = 0. 
For the second term note that q{ip) is zero only at points where ip vanishes. 
Therefore, * q{ip) cannot vanish everywhere which implies that r = 0. 

To finish the proof of part (ii), we now consider an arbitrary smooth path 
Qt of Riemannian metrics on M. An m-times continuously differentiable path 
at : [—1, 1] — > Ll{M,iT*M) defines the parametrized zero set 



U 



at 

tGhl,l] 

Proposition (III, 1.4) guarantees that for a generic choice of such path, this set 
is either empty or a 1-dimensional submanifold of X x [—1, 1]. Part (ii) may 
now be proved by contradiction. Assume that there exists a tuple (-j/^, t) such 
that I^^b+a^"^ = and {d~^ *t qti^j) , qtiS^)) ^2 = 0- Clearly, every multiple of 
ip hj a. real constant also satisfies these two equations. On the other hand, 
they also hold for iip and its real multiples because q{iip) = q{ip)- Therefore, 
the fibre <l>^^(., a()~^(0) is at least of real dimension 2, which contradicts the 
fact that the parametrized zero set is 1-dimensional. □ 

Corollary (III, 5.4). Let M he a rational homology 3-sphere, endowed with 
a spin^ structure a and a flat connection on L(a). Moreover, let g_i and 
Qi be Riemannian metrics on M. Suppose ?7_i and rji are respectively chosen 
suitable perturbations. Then there exist C^-paths gt and rjt of metrics and 
perturbations connecting g^i with gi and rj^i with rji respectively and having 
the following properties: 

(i) The family {T^\\,_^-i^^te[-i.i] is transversal with only simple crossings. 

(ii) *t qti'ip) J Q'i(V^))^2 7^ whenever ifj is a non-vanishing harmonic 
spinor with respect to '^^b.^-i^^- 

(iii) The irreducible part of the parametrized moduli space Air^i^-, g) is a 
1-dimensional C"^- submanifold of B* x [—1,1]. 

Proof. Let gt be a path of Riemannian metrics connecting g^i and gi. Propo- 
sition (III, 5.3) shows that a generic C""-path of imaginary valued 1-forms 
defines a family {V*^^^^^} satisfying the first two properties respectively. Due 
to Hodge decomposition we can write 



at = dft + d*nt, 
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where ft : [-1, 1] ^ Ll{M,iR) and /i* : [-1, 1] ^ Ll{M,iK^T*M) are C""- 
paths. Using the bounded inverse of d : imrf* ^ Z^(M;z]R), we find a 
path ?7t of closed, imaginary valued 1-forms such that 

Therefore, the path at is gauge equivalent to —d~^rit. Making the simple but 
important observation that properties (i) and (ii) are preserved if we apply a 
path of gauge transformations to at, we deduce that the family {^^^b_^_i^^} 
satisfies these properties as well. Moreover, one achieves that the paths rjt 
obtained in this manner form a generic subset of the set paths connecting 
rj^i and r/i. 

On the other hand, an application of Theorem (III, 2.4) as in the proof 
of Theorem (III, 3.2) shows that a generic path rj of closed imaginary valued 
2-forms satisfies property (iii). Since the intersection of two generic sets is 
again generic, the assertion of the proposition follows. □ 

Remark. A slightly modified consideration shows that the set of all 
rj e Z|(M; iM) such that I^^b.^-i^ is invertible forms a generic subset: 
From the proof of Proposition (III, 5.3), we know that a generic choice of 
a e L\j^^{M,iT* M) gives rise to an invertible operator I^A^+a- Possibly 
applying a gauge transformation, we may assume that a = —d~^ri for some 
closed, imaginary valued 2-form t]. 

Local structure of the parametrized moduli space. Fixing a C™-path 
?7 with m > 2 as in the above corollary, we will now make a similar analysis 
as in Section 4. 

The parametrized moduli space consists of a finite union of arcs, one 
of which is the reducible branch parametrized by [0, A'' — d~^rit,t\. The ir- 
reducible part forms a 1-dimensional C"^-submanifold of B* x [—1,1], and 
singularities occur whenever an irreducible arc meets the reducible one (cf. 
Fig. III. 6). We thus need to understand the local structure of A^^(o";(7) 
near a reducible point [0, Al — d'^rft^^to]. Without loss of generality, we may 
assume in the following that to = 0. We then define Aq := Al — d~^riQ. 

Using the notation of Section D.4, we fix as a reference metric 
and employ the isometrics kt : L^{M,T*M; go) -> L'^{M,T*M; gt) and 
Kt ■ L'^{M, S; go) — > L^{M, S; gt) to identify configurations associated to dif- 
ferent metrics. According to the slice theorem, a neighbourhood of [0, Aq, 0] 
in ;B X [—1, 1] is homeomorphic to U/ Ui x {—e, e), where f/ is a Ui-invariant 
open subset of Lf^M, S; go) x keT{d*\i2)7 Modulo Ui, the parametrized 

''For notational convenience, we arc dropping the reference to the metric go in the 
adjoint of d. 
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moduli space near [0, Aq, 0] is then readily seen to be given by elements 
{ip,a,t) eU X {—e,e) satisfying 

(2^i._,-i,,+a¥', q\k,ip) - *da) = 0. (Ill, 31) 

As in the analogous situation in Section 4, we now define 

s : Ll{M,S)®kei{d*\Li) x — > L\M , S) ® kei d* 

by letting 

s{<^,a,t) := Proji2(M,s)ekerd* (j^A^-d-^vt+a^^ k^{<i{^t^) - *tda)y 

Observe that we have to employ the isometry k^'^ since q^{ktLp) — *tda G 
kerrf*' for any solution of (III, 31) but not necessarily q^{kt(f) — *tda G herd*. 
Formula (D, 27) shows that induces an isomorphism kerrf* — ^ kerrf**, and 
we deduce exactly in the same manner as before that the solutions of (III, 31) 
coincide with the zeros of s. 
We shall need the differential 

DoS : L2(M,5) ©ker(d* 1^2) ©R L^{M, S)®keTd* 

of s at the point in order to invoke the implicit function theorem. A short 
computation yields 

Dos{<^, a, t) = Proji2(M,5)ekerd* (^^Ao<^, -*da) = (Pao^, - * da) 
Since ker d* fl ker d = on a rational homology sphere, we readily infer that 

ker Dqs = ker Va^ © {0} © M 
coker Dqs = ker Vao © {0} . 
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Very similar as before we then deduce the following. 

Lemma (III, 5.5). If Aq is non-degenerate, then the parametrized moduli 
space near [0, Aq, 0] is locally homeomorphic to the reducible branch 

U [0,A'~d-%,t]. 

te[-i,i] 

Proposition (III, 5.6). Suppose that Aq is slightly degenerate, and letipQ G 
L\[M,S) he a spinor of norm 1 spanning kerVAo- Then in a neighbourhood 
of in L\{M, S) © ker((i*|£,2) x (— e, e), the following holds: 



s((p, a,t) = <^==^ ((/?, a, t) 
where 



(0,0,t) z/(/. = 

{zi:o,0,h{z))+f{z,h{z)) tfif^Q 



/ : C X (kerP^,, ©M)^ 

is a Ui-equivariant C^-map, and h : C ^ is a Ui-invariant C"^~^-map. 
Both maps vanish of second order in 0. 

Proof. We apply the Kuranishi technique again. Let 

$ := Proji^o,^, OS and ^ := Proj^^kcrDos 

Transferring the arguments from the case 6i = 1, we obtain a Ui-equivariant 
C™-map 

/ : ker © M (ker Va^ © K)^ 

such that 

a,t) = 0^ ((^, a, t) = {zi/jQ, 0, t) + f{z, t), 

where we are using coordinates z E C with respect to ipo. The Kuranishi 
obstruction map is then given by 

^ iCxM^kerPAo, ^{z,t) := ^{{ziJo,0,t) + f{z,t)). 

Since t t-^ A^ — d^^rjt parametrizes the reducible part of 7Vl^(cr;5f), we find 
that s(0,0,t) = and hence also /(0,t) = \l/(0,t) = 0. As before, we thus 
study 



i!{z,t) = z ■ ^i{z,r), where if i{z,t) :-- 



z ' 
d_\ 

dz I {0,t) 



^1 ^^{z,t), z = 0. 
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As \l/ is a C™-map, the function is at least C™~^. Before applying the 
implicit function theorem again, we have to ascertain that the t derivative of 
this function does not vanish in (0, 0). Letting 11 := Proj^crOAg) compute 

^l(o,t)^(^'^) = n(£|(o,)^(^^o,o,t))+n(£|(^^^^(.o/)) 

where (p{z,t) and a{z,t) denote the spinor and the 1-form part of f{z,t) 
respectively. With exactly the same arguments as in the proof of Proposition 
(III, 4.9), one deduces that the second term in the above equation's last line 
vanishes. Thus, 

«g^(ll(o,o)^i(^'^)' = sgn(^|(oo)^'(2;,t), ^o)^2 

= sg^(IL=o^A^-.-..^o,^o),. (111,32) 
= SF(Pi._,..,,; M = ±l, 

where we are using that {'C^b.^^-i^^} has transversal spectral flow with only 

simple crossings. In particular, ^^'^ i(z , t) ^ 0. Hence, the imphcit 

function theorem produces a Ui-invariant C™~^-map /i : C — M such that 
in a neighbourhood of (0,0), 

i>x{z,t) = t = h{z). 

Very similar to the situation in the preceding chapter, we then infer that 
in a neighbourhood of 0, the claimed condition holds. The arguments con- 
cerning the property that / and h vanish of second order in are also the 
same as before. □ 

Remark. As a result, we find that a neighbourhood of [0,y4o,0] in Ai^{a) 
is homeomorphic to a neighbourhood of in 

{{z,x) G M+ X M I z = or X = 0}, 

where R4. x {0} corresponds to the irreducible part. The branch {0} x M 
corresponds to the reducible arc [0,^4'' — d~^rit,t]. 

According to Proposition (III, 5.6), the t-component of the irreducible 
branch near [0, Aq, 0] is given by the value of h, which we shall henceforth 
regard as a function M*^ — s> M. Therefore, h encodes information about on 
which side of i3 x {0} the irreducible branch near [0, Aq, 0] is located. Since h 
is a C""~^-function vanishing of second order in 0, it is promising to assume 
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that m > 4 and study the second derivative of h: If h"{0) < 0, then h has 
a maximum in so that the irreducible branch near [0, Aq, 0] is contained in 
B X [-1, 0). If h"{0) > 0, then this branch lies in S x (0, 1]. 

The next result shows how to relate this with the spectral flow 
SF(D^b_rf-i^^; and the number (c/"^ * Q'(V'o) , q{4'o))]^2- Recall that 

both numbers do not vanish according to the choice of i]. 

Proposition (III, 5.7). Assume that m > 4. Then the second derivative of 
h is given by the formula 

and thus never equals 0. Moreover, if m > 6 and if [il.',A,t] is an element of 
the irreducible branch close to [0,ylo,0], then 

e{i;,A) = sgn/i"(0) ■ SF(P^.„,-i^^; |t|«i). 

Proof. Let us write f(z,h(z)) = (^ip{z), a{z),0) . The irreducible branch is 
then locally parametrized by 

(0, zo)^Bx[-l,l], z^ [^{z), A{z), h{z)], 

where zq G M+ is appropriately small, and where 

iIj{z) := zi/jq + (p{z) and A{z) := A^ — d^^rj^^) + • 

According to the above proposition, the path {tP{z), A{z),h{z)) can be ex- 
tended to z = in a twice continuously differentiable way since we have 
chosen m > 4. 

We differentiate the Dirac equation for {ip{z)^ ^{^)) two times and obtain 

If we now take the inner product with ?/;o, then a careful analysis shows that 
we can differentiate the resulting equation at z = once again. For this we 
observe by making use of self-adjointness of T)^^^^-^ and the chain rule 

because a and h vanish of second order. Moreover, 
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Thus, the chain rule imphes that 



L2 



^L=o(^'(^)IL=M.)^A^-.. + ic(a'(.)))^'(0) , ^0 



L2 



L2 



where we invoke that ijj'{0) = ipQ and that h and a vanish of second order in 
0. Therefore, 



— 

dt\t=Q A^-rit 



L2- 



The term on the right hand side can be computed by making use of the 
second part of the Seiberg-Witten equations. Since 

qh{z){f^h{z)i'{z)) =*h{z)da{z), 

differentiating twice and using that ipiO) = and a(0) = a'{0) = yields: 

2q{iJo) = *da"{0), i.e., a" (0) = 2d~U q{^o) . 

Combining this with the above result and invoking Proposition (I, 1.2), we 
infer that 



This proves the first assertion. 



-2(rf-i*g(^o),g(^^o))i.. 



We shall now determine the number e{ip,A) for an irreducible rjt- 
monopole such that [■?/', A, t] lies on the irreducible branch close to [0,/lo,0]. 
As in the corresponding situation before, this amount to compute the spectral 
flow of the family 



:= T, 



h(z) 



z e [0, 2;o], 



^(^{z)A(.z)) 

where we suppose that {^{zq), A{zi^,h{z^ = {■ip,A,t). In addition, we may 
assume that is invertible for any z ^ 0. We write 



where and are given by 

/ 



\ 



- da + 2df 
2(i*M-)a J 



a I G Ll{M,E 
J. 
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and 

^c{a{z))(p + lc{a)ip{z) - fipiz) 

respectively. As h{z) vanishes of second order in 0, we infer from the chain 
rule that 

dz\z=0 ^ 

Since ip'{^) = i^o and a'(0) = 0, this results in: 



\dz 1^=0^/ 







[n 


H 







Next observe that 



ker To = keiVAo © {0} © iM = Spanig{?/;o, iipo, i}- 

If we employ real coordinates Xi, X2 and y with respect to the above 
orthonormal basis, then a very similar computation as in the proof 
of Proposition (III, 4.10) shows that the crossing operator Ct{0) = 
Proj^erTo °(£L=o-^-^)lkerTo has the matrix description 



Ct(0) 




^0 \ /xi 

-1 X2 

.0-1 \y 



(III, 34) 



We conclude that spec(Cr(0)) = { — 1,0, 1}. 

In association with Kato's Selection Theorem (C, 1.6), this corresponds 
to the following situation: We can choose three C^-paths 9i : [0, zq] M, 
i G { — 1,0,1} parametrizing the eigenvalues of which equal zero for z = 
0. The structure of the crossing operator then shows that ^j'(O) = i. In 
particular, the eigenvalue vanishes of second order in so that we cannot 
compute the spectral flow by means of the crossing operator. We thus need 
a more refined analysis of ^o's behaviour near 0. 

Remark. In the literature, the path of operators is usually assumed to 
be analytically. One then finds an analytic parametrization of eigenvalues 
and corresponding eigenvectors (cf. [11], [43]). However, the author of this 
thesis does not see how to achieve analyticity of T. Fortunately, the consid- 
erations in Appendix C provide a way out of this trouble if we choose m > 6. 
Nevertheless, the involved computations remain essentially the same. 
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According to Example (C, 1.5), we may assume that 6q is twice con- 
tinuously differentiable, if m > 6. Moreover, we find a C^-family G 
L1{M,E © iM) locally corresponding to the eigenvectors associated to ^o- 
Formula (C, 1) then shows that 

= Re {T^'vo + T^o , ^o) ^2 + Re {T^Vo , v',) (III, 35) 

= Re(T^;o + 2TX, Vo) ^„ 

where we are using obvious abbreviations and invoke self-adjointness of Tq. 

First of all, note that vq lies in the kernel of Tq. Letting P := Proj]^j,j,2-jj, we 
thus have vq = Pvq. Moreover, differentiating the equation TzVz = 9q{z)vz 
implies that 

T^^;o + To^;[, = ^[,(0)^;o + ^o(0)^;^, = 
for 6q = 6q = 0. From this and the fact that PTq = we deduce 

= PT;,vo + PTov'o = P^Pvq = Ct{QW 

Therefore, vq G kerCT(O). As a consequence of (III, 34), the kernel of the 
crossing operator is given by Spauj^^/^o- Henceforth, we may thus assume 
that Vq = ipQ. To determine v'q we deduce from the above computations and 
the explicit formula of Tq in (III, 33) that 



-Tqv'q = TqVo = TqiPo 
Recalling that Tq is explicitly given by 


















— * d 


2d 




V 


2d* 


0/ 



we infer that 

Vq G d~^ * q{i)Q) + kerTo, 



I.e., V, 








for suitable z G C and y G M. According to (III, 33), we thus find the 
following: 

Re (rX , wo)^2 = Re {\c{d-^ * g(^o))^o - ^Z/^o , ^0)^2 
= {d~^ * qi^po) , g(^/'o))^2- 
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Figure III. 7: Spectral flow of 



Considering the second term in (III, 35), we immediately deduce from the 
deflnition of Tz that 

Re (T^o , ^^o),. = Re (^L^oKfij^o , ^o)^,- 

As a result of the computations performed in the flrst part of this proof, this 
term equals zero. Hence, we flnally draw the following conclusion: 

e'^iO) = 2 Re (TX , vo)^, = 2{d~' * q{^^) , ^(^o))^. 

where we have employed the flrst part of this result. 

The spectral flow of in is now obtained in the following way (cf. Fig. 
III. 7): If 6*0(0) > 0, then the function 9 has a minimum in 0. Therefore, 
the only eigenvalue leaving in the negative direction is 9-i. Due to our 
convention of counting eigenvalues at the endpoints, the spectral flow of 
Tz then equals 1. In accordance with the orientation transport formula in 
Theorem (C, 2.5), we conclude that e{'il),A) = —1. If, on the other hand, 
6*0(0) < 0, then the eigenvalue 6*0 (-2) is also negative for small z > 0. It 
thus contributes to the spectral flow of Tz, and we flnd that e{ip,A) = 1. 
Therefore, 

e{ij,A) = -sgne[,'(0) = sgn/i"(0) ■ sgn {H^^V^, , Vo)^.- 

This proves the assertion since the last term in the above equation equals 
the spectral flow of {T^A^-d-^rit} in t = 0. □ 

Theorem (III, 5.8). Let M be a rational homology 3-sphere endowed with a 
spin^ structure a and a flat connection on L[a). Suppose that g_i and gi 
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Figure III. 8: An irreducible branch meeting the reducible one 

be Riemannian metrics on M together with respective suitable perturbations 
?7_i and r/i. Then 

sw^-i(c^;fi'-i) - sw^i(cr;5'i) = -SF (I'^b_rf-i^^;te[-i,i]), (III, 36) 

where Qt andrjt are arbitrary -path of metrics and perturbations connecting 
g^i with gi and r]_i with rji respectively. 

Proof. We will proceed exactly as in the proof of the wall-crossing formula 
in the preceding section. Therefore, we immediately restrict our attention to 
the arcs of the parametrized moduli space which meet the reducible branch. 
Let 

c(s) = [7/;(s),A(s),t(s)]:[a,6]^i3x[-l,l] 

be an arc meeting a slightly degenerate reducible in c{h) = [0, A{b),t{b)]. To 
begin with, we make the assumption that c(a) does not lie on the reducible 
branch (cf. Fig. III. 8). 

Case 1: c(a) G M-ri-A^'-, Q-i)'- Let us primarily assume that t{s) < t{b) for 
s close to b. In the notation of Proposition (III, 5.6), we have t = h{z), and 
this yields that h"{0) < 0. The familiar considerations of Theorem (III, 3.2) 
imply that for an appropriate choice of sq close to b, we have 

e{iP{a),A{a)) = e{tlj{so), A{so)) 

On the other hand, the fact that h"{0) < together with Proposition 
(III, 5.7) shows that 

e{ilj{so),A{so)) = - SF(-D^b„^-i^j |t-t(6)|«i), 

where we might possibly have to adjust sq a little. Hence, 

e{i/j{a),A{a)) = - SF(r'^b_d-i^j \t-t(b)\^i). 
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If, on the other hand, t{s) > t{b) for s close to 6, then 

e{ij{a),A{a)) = -e{i>{so), A{so)) 

for appropriately chosen sq. Another application of Proposition (III, 5.7) 
implies that in this situation 

We thus obtain the same formula for e(^ip{a), A{a)^ again. 

Case 2: c{a) G 7W^i(cr; gi): With exactly the same arguments, one straight- 
forwardly deduces that 

e{tlj{a),A{a)) = SF(P^b_rf-i^j \t-m\<^i) 

irrespective of how c meets the reducible branch. 

We are therefore left to consider paths connecting two points on the reducible 
branch. 

Case 3: t{s) < t{a) as s a and t{s) < t{h) as s ^ b: Under this 
assumption, we find that for Sa close to a and Sb close to b, 

e{^P{sa),A{sa)) = -e{ij{sk),A{sb)). 

On the other hand, the analysis of Proposition (III, 5.7) shows that for 
i = a,b, 

e{^p{si),A{si)) = SF(P^b„rf-i^^; |i-i(i)|«i). 

Therefore, when studying the spectral flow of the entire path V^b^^-i^^, the 
contributions at ta and at tb cancel each other out. 

Case 4- t{s) < {t{a)) if s ^ a and t{s) > t{b) if s ^ b: In this case, 

e{^{sa),A{sa)) =e{^{sb),A{sb)). 

However, we also have 

e{'llj{Sa),A{Sa)) = SF(P^b_rf-l^^; |t-t{a)|«l) 

and 

e{i/j{sb),A{sb)) = -SF(r'^b_rf-i^^; |i-i(fe)|«i). 

Therefore, the contributions at ta and at tb to the spectral flow cancel each 
other in this well. 

The remaining cases are treated accordingly. 
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Proceeding with those paths which do not meet the reducible branch 
exactly as in the proof of the wall-crossing formula, the above considerations 
establish the claimed formula. □ 

Producing an invariant for rational homology spheres. The above 
result shows that sw^(cr;(7) depends profoundly on the metric g and the 
perturbation parameter rj. Thus we do not obtain an invariant for ratio- 
nal homology spheres. Due to the resemblance with the gauge theoretical 
construction of the Casson invariant as performed by Taubes [52], it was 
soon conjectured by Kronheimer that adding an appropriate counter term to 
sw^ (cr; g), one should obtain an invariant which on a homology sphere again 
equals the Casson invariant. This is indeed true as Lim [31] and Chen [11] 
independently proved. In the remaining part of this thesis, we will only give 
a formula for the counter term, briefly motivating why the resulting number 
is an invariant of the underlying manifold. 

Let P be a first-order self-adjoint elliptic operator on a closed, oriented 
manifold M of odd dimension. Atiyah et al. [3] proved that the function 

Vp{s) := ^ sgVL{z)\z\-' 

2Gspec(P)\{0} 

converges for Re s ^ and extends to a meromorphic function on the whole 
s-plane, with a finite value at s = 0. The rj-invariant of P is then defined as 

VP ■= Vp{0)- 

Let 0" be a spin^ structure on a rational homology 3-sphere M, and let 
5^ be a Riemannian metric with corresponding suitable perturbation u G 
Zl[M] iM). Here, we are using the notation v instead of rj to avoid a confusion 
with the ?7-invariant. We then define rjdhig, v) as the ?7-invariant of the spin'^ 
Dirac operator where is a fixed flat connection on L{a). 

If gt and Vt are paths as in Theorem (III, 5.8), then it follows from the 
work of Atiyah, Patodi and Singer that 

^(r/dir(^i, yi) - Vdiv{g~i, 

o J[~l,l]xM 

where pi is the first Pontryagin class, and A = — d"^u and V respectively 
denote the pullbacks of the connection on L{(t) and the Levi-Civita covari- 
ant derivative to the corresponding bundles over [—1,1] x M. A survey of 
the (nontrivial) results leading to this formula can be found in Nicolaescu's 
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book [45], Sec. 4.1.3. Note that we have already invoked that the operator 
■D^b„^-i^j is invertible for t = —1, 1 so that the dimensions of the kernels do 
not occur on the above formula's left hand side. 

On the other hand, we have the odd signature operator on {M,g), i.e., 

This is also a first-order self-adjoint elliptic differential operator, and we 
denote the associated ?7-invariant by ?7sign(fl')- If 9t is a path of metrics, then 
the corresponding formula is (see Atiyah et al. [3]): 

Vsignigi) - ^sign(^-l) = \ Pi(V). 

•J J[-l,l]xM 

Note that there is no spectral flow term since the kernels of 'D^ig^ have con- 
stant dimensions. 

Considering paths gt and Ut as in Theorem (III, 5.8), we deduce that the 
term 4r7dir(5'5 ^) + ^sign(5') behaves in the following way: 

4?7dir(5'l, l^l) + '7sign(fi'l) - 4?7dir(fi'-l, l^-l) - 77sign(fi'-l) 

(in, 37) 



8SF(P^._^-i,jtehi,i])+ / ci(i) 

7[-l,llxM 



1,1] xM 

The second summand in the last line can be split up into a difference 
of two terms which only depend on and i>i respectively. For notational 
convenience, we let at := —d~^Vf Then 

F| = Fj^h + dat + dt A -^at = dat + dt A -^at- 

Hence, we compute 

F^ A F^ = dt A dat A -§^at + dt A -^at A dat = dt A [dat A -^at + -^at A dat) 
= dt A [d{at A ^^at) + at A f^dat + f^at A dat) 
= dtA {d{at A §-^at) + f (at A dat)). 

Using Stoke's Theorem and performing the integration over [—1,1], one finds 



ci{A)^ = -— I dtA §{at A da 

1 



— Q-^yut ,^uut) 

■l,l]xM ^[-l,l]xM 



47r2 
1 

■4^ 



M 



M 



[ai A dai — a„i A da^i) 
[d'^ui Aui- A z/_i). 
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A combination of this computation with formula (III, 36) of Theorem 
(III, 5.8) and formula (III, 37) easily establishes the following result: 

Theorem (III, 5.9). Let M be a rational homology 3-sphere with spirf 
structure a . If u is a suitable perturbation with respect to a Riemannian 
metric g, then the "modified Seiberg-Witten invariant" 

K{a; g) := sw^(o-; g) - \riAiv{,g, z^) - lVsign{g) - 3^ / d^^'^ A u 

is independent of u and g. Therefore, it gives rise to a smooth invariant of 
M. 

Remark. 

(i) Note that Xy{a;g) is generally not integer valued. In fact, it is Z- 
valued provided that Hi{M;Z) = 0. Otherwise, 8h ■ \y{a;g) G Z 
where h := |ifi(M;Z)| denotes the order of the first homology group 
(cf. Lim [32], Prop. 17). 

(ii) If M happens to be an integer homology sphere, then the cohomology 
group H'^{M; Z) is trivial. Hence, there exists only one spin*^ structure 
on M. In [31], Y. Lim establishes that the unique number obtained in 
this way equals the Casson invariant of an integer homology sphere. 

(iii) For rational homology spheres, MarcoUi & Wang [37] investigate an 
averaged version of the modified Seiberg-Witten invariants — obtained 
by summing over all spin'^ structures. They prove that it equals the 
so-called Casson- Walker invariant. 

(iv) On the other hand, Nicolaescu [46] shows that a combination of the 
Casson- Walker invariant and certain refined torsion invariants (due to 
V.G. Turaev) determine all modified Seiberg-Witten invariants of a 
rational homology sphere. 



Appendix A 

Elliptic Equations on Compact 
Manifolds 

This appendix summarizes the basic notions and resuhs we need from the the- 
ory of elhptic differential equations on compact manifolds. In Section 1, we 
recall the definition of Sobolev spaces on manifolds. As the Seiberg-Witten 
equations are nonlinear, it is not sufficient to work only in the well-known 
setting of the Hilbert spaces L^; we also have to consider the Banach spaces 

for arbitrary 1 < p < oo. We state the versions of Sobolev embedding 
and Rellich's compactness result in this more general context, and provide 
a Sobolev multiplication theorem as a corollary. The corresponding proofs 
can be found in standard references like the books of Gilbarg & Trudinger 
[18], Adams [1], Taylor [54], and Aubin [4]. The latter book includes the 
formulation on manifolds which we need. 

Section 2 is dedicated to differential operators acting on sections of vector 
bundles. Basically, we will only list the fundamental properties of elliptic 
partial differential operators and refer for most proofs to the wide range of 
literature (e.g. Gilbarg & Trudinger [18]). Brief expositions, yet including 
proofs, can also be found in many books on differential geometry (e.g. Warner 
[57] or Nicolaescu [44]). 

1 Sobolev spaces 

Let (M, g) be a closed^ and oriented Riemannian manifold. The volume form 
dvg induces a Lebesgue measure on M. For each 1 < p < oo, we can thus 
define the space Lp(M, K) of (equivalence classes of) K-valued measurable 

^As in the main part of the thesis we use the convention that a closed manifold is 
compact, connected, and has no boundary. 
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functions / on M for which 

ll/llp:=( / \f\'dvX'' 

Suppose TT : E' — ^ M is a Hermitian or Euchdean vector bundle endowed 
with a connection V which is compatible with the metric. We let L^(M, £") 
denote the space of L^-sections of E, i.e., the space of (equivalence classes of) 
measurable maps u : M ^ E which satisfy tt o n = idM almost everywhere 
and \u\ G L^(M, M). For each /c G N the Sobolev space L^{M,E) consists 
of all sections u G Lp{M, E) for which there exists v G Lp(M, T*M®'^ ® E) 
such that for all w G C°°(M, T*M^"' ® E) and any m < k, 

I {v,w)dvg= I {u,{V"'yw)dvg 
Jm Jm 

Here, 

(V"^)* : C~ (M, T*M®"' ®E) ^ C°°(M, E) 

denotes the formal adjoint of (cf. also Section 2 below). Then v is called 
the weak m-th covariant derivative of u and is denoted by V™m. Note that it 
is always defined as a distribution. Therefore, the above can be reformulated 
by saying 

u G Ll(M, E) ^ V"^M G V (T*M^"' ® E) . 
Each Ll.{M, E) is a Banach space with respect to the norm 

m<k m<k 

Moreover, L^{M,E) lies dense in Lp{M,E) and contains the smooth func- 
tions as a dense subspace with respect to the norm (cf- [4], Thm.2.4). 
Furthermore, it turns out that compactness of M guarantees that the defini- 
tion of L^f,{M,E) is independent of all choices made. Any choice of different 
metrics and connections yields equivalent norms (cf. Aubin [4], Thm.2.20). 

Remark, li p ^ 2, the spaces L| cannot conveniently be defined for by 
making use of the Fourier transformation as in the case of L^. Introducing 
LP for every s G M requires interpolation theory (cf. Taylor [54], Sec. 13.6). 

Embedding theorems. There are two very important results relating 
Sobolev spaces both with each other and with spaces of functions. These 
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theorems are generalizations of the well-known Sobolev embedding Theorem 
and of Rellich's lemma in the case p = 2. Let n denote the dimension of M. 
We define the scaling weight of Ll.{M,E) by letting 

w{k,p) := k-^. 

Theorem (A, 1.1) (Sobolev embedding), (cf. [4], Thm. 2.20). 
Consider a closed, oriented manifold M and a vector bundle E — s> M. 

(i) Suppose ki > k2 and w{ki,pi) > w{k2,P2)- Then there is a bounded 
inclusion Ll\{M,E) C Lll{M,E). 

(ii) Suppose w{k,p) > r G N. Then every L^-section of E can be repre- 
sented by a -section. Moreover, the inclusion L^{M,E) C C^{E) is 
bounded with respect to the norm on C^{E) given by uniform conver- 
gence of the involved derivatives. 

Theorem (A, 1.2) (Rellich-Kondrachov). (cf. [4], Thm. 2.34). 
Consider a closed, oriented manifold M and a vector bundle E — s> M. If 
ki > /c2 and w{ki,pi) > w{k2,P2), then the inclusion map L^^^{M,E) C 
L^^ (M, E) is a compact operator. Moreover, the embedding in part (ii) is 
always compact. 

The Sobolev embedding Theorem combined with the well-known Holder 
inequality leads to multiplication theorems for the Sobolev spaces L^. 

Proposition (A, 1.3) (Sobolev multiplication). Consider a closed, oriented 
manifold M and vector bundles Ei,E2,F M, endowed with a bilinear 
bundle map h : Ei ® E2 ^ F . Let ki, k2,l with ki, k2 > I, and pi,p2, q G 
(1,cxd) such thatpi,p2 >q^ If w{ki,pi) + w{k2,P2) >w{l,q), then b extends 
to a bounded bilinear map 

b : Lll{M,E,) X Lll{M,E2) L^(M,F). 

Remark. Although this theorem is frequently used in the analysis of non- 
linear partial differential equations, it is difficult to find a reference in the 
literature. In a slightly different form, the theorem can be found in Palais 
[48], Ch. 9. To be self-contained, we shall present a proof. 

Proof. Step 1: The Holder inequality revisited: 

We recall that for any p'i,p'2,q' G (l,oo) such that p'i,p'2 > q', the Holder 
inequality implies that there is a continuous multiplication L^i x L^2 — > 



^Observe that this impUes that w{ki,pi) > w(l,q). 
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L^' provided that ^ + ^ = ^- Moreover, on compact manifolds there is 

a continuous embedding of L^' in whenever g' > q. Hence, under the 
assumption that ^ + ^ < or, equivalently, if w(0,pQ + w(0,P2) > ""^(O, q), 
we obtain a continuous multiplication L^i x 

S'iej) 2: The case 1 = 0: 

We have to show that there exists a continuous multiplication 

Ll\ X Lll L^. (*) 
For this we have to study different cases: 

Case 1: There exists i G {1,2} such that w{ki,pi) > 0. Without loss of 
generality, we may suppose that i = 1. Then L^^ embeds continuously in 
C°. Furthermore, we have an inclusion of in L^^. Therefore, there is a 
bounded map 

Moreover, L^^ embeds continuously in for p2 > q. This proves (*). 

Case 2: w{ki,pi) < for i = 1,2. Since ty(/ci,pi) +ty(/c2,P2) > w^(0, g), this 
implies that w{ki,pi) > w{0,q) for i = 1,2. Hence, we can find p^ G {q,oo) 
such that 

w{ki,Pi) > w{0,p'j) > w{0,q) and w{0,p[) + w{0,P2) > w{0,q). 

Applying the considerations of Step 1, we deduce that there exists a contin- 
uous multiplication 

LP'i X ^ U. 

On the other hand, there are bounded inclusions L^,' C L^'i which yields (*) 
in the case at hand. 

Step 3: The general case: 

Let us now assume that / is chosen arbitrarily. Fixing m < I, we deduce that 
for every section u G L^^(M, Ei) and every v G L|^(M, E2), 



|V'"(6(u,tO)| < const -I J2 (V^&)(V^n, V' 



%1 



k+i+j 
=m 



< const- |(V*^6)(VX V^'t;)| < const- ^ |V*m| - |V^' 

k+i+j i+j<m 



V\ . 
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Observe that V*n G L^j^^_i and V-'f G L^kl-j- Whenever i + j < 

w{ki - i,pi) + w{k2 - j,P2) > w{l - m,q) > w{0, q). 
Hence, V*m and V-'w satisfy the conditions of Step 2. Therefore, 



|V™(6(u, tO) 11^, < const- |||V'n| ■ iV^-y 

i+j<m. 

< const ■ ||V'n||^pi ■ [[V-'t' 



i+j<.rn 



fcl -I ^2-3 



< const ■ > ||n|| rPi ■ IkHI rP2 < const ■||n|| rPi ■ ||f II 

— II ii_Lj.^ II iii^j.^ — II iii.^,^ 

i+j<.m 



T ^ 



SO that t;) 11^9 < const • ||n||£^pi • ||i;||^P2. This proves the assertion. □ 

I ki k2 

Example (A, 1.4). Let M be a compact and oriented Riemannian 3- 
manifold, and \ei h : Ei ® E2 ^ F a. bihnear bundle morphism between 
arbitrary vector bundles over M. The above proposition shows that h in- 
duces a bounded bilinear map 

h : L2(M, E,) X L2(M, E2) Ll{M, F) (A, 1) 

whenever k satisfies 2A; — | > /c — |, that is, whenever k > 2. 

In particular, if E' is a bundle of algebras, then the Hilbert spaces 
Ll{M,E) are Banach algebras provided that k>2. This observation yields 
natural choices for the involved Sobolev orders when we want to equip a 
group of gauge transformations with a Sobolev structure. Furthermore, if 
the bundle of algebras acts on some vector bundle F, then the proposition 
shows that for an appropriate choice of /, the Banach algebra L\{M, E) acts 
continuously on Lf{M,F). For example, we have an associated continuous 
multiplication 

b : Ll{M, E) X Ll{M, F) -> L?(M, F), 

i.e., Ll{M, F) is an Iv2(M, i?)-module. This fact plays an important role when 
the action of the group of gauge transformations on the space of sections of 
a vector bundle is modelled in the context of Sobolev spaces. 



2 Analytic properties of elliptic operators 

Let E and F denote Euclidean or Hermitian vector bundles over a com- 
pact and oriented Riemannian manifold M. Furthermore, suppose that 
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P : C'=°{M,E) C'^{M,F) is a differential operator of order m, i.e., P 
is expressed in local coordinates as 

\a\<m 

where smooth matrix valued functions, while a is a multi index. Then 

the principal symbol of P is locally defined by 

(Tm{P){x,0 = Yl 

\a\=m 

It gives rise to a bundle map am{P) '■ tt*E — > 7r*F, where vr : T*M — > M 
denotes the bundle projection of the cotangent bundle. 

Associated to every differential operator P there is the so-called formal 
adjoint^ P* : C°°(M, F) C^{M, E). It is defined by the property that for 
every u G C°°(M, E) and every v E C°°(M, F), 

/ {Pu,v)Fdvg= / {u,P^v)EdVg. 

J M J M 

Deriving an explicit formula via integration by parts yields that the for- 
mal adjoint always exists and is again a differential operator of order m. 
Moreover, it is uniquely characterized by the above property. The principal 
symbols of P and P* are related by 

am{P') = {-iram{P)\ 

where am{P)* denotes the adjoint of the bundle map <Tm{P) with respect to 
the induced metrics. 

Unbounded operators. Working in the context of Sobolev spaces is readily 
appreciated by the elementary fact that for each k E N and p G [1,cxd), a 
differential operator P induces bounded linear maps 

P,,,:LI^JM,E)^LI{M,F) 

and 

PL = iP%,p--LUJM,F)^Ll{M,E). 

■^In contrast to the main part of this text, we now denote the formal adjoint with the 
superscript t instead of This is because we want to distinguish it clearly from the 
functional analytic adjoint (see below). 



2. Analytic properties of elliptic operators 



117 



Investigating the functional analytic properties of these maps leads natu- 
rally to the theory of unbounded operators in Banach spaces (cf. Kato [23], 
Sec. III. 5 and Sec. V.3). We briefly want to fix some notation in this context. 
For notational convenience we will drop the reference to p and simply write 
Pk, the value of p being understood from the context. 

As a consequence of the above observation, P induces an unbounded 
operator Pq : L'p{M,E) D Lp^{M,E) Lp{M,F) with a dense domain 
dom(Po) '■= L^{M,E). Mutatis mutandis, the same holds for P*. li p = 2, 
there is no reason to expect, though, that the operator Pq coincides with the 
functional analytic adjoint (Pq)*. Recall that 

G dom(Po)* 3^gL2(M,£;)V„gdom(Po) : / {Pu,v)FdVg= {u,w)EdVg, 

Jm J m 

and (Po)*f := w. The operator (Pq)* is linear and densely defined because 
C°°{M,F) C dom(Po)*. If P = P and Pq = (Pq)* as unbounded operators 
in Hilbert space, then Pq is called self-adjoint. If we only have P = P*, then 
we call P formally self-adjoint. 

Remark. Note that the notion of the functional analytic adjoint is only 
well-defined if p = 2 because only then is a Hilbert space. In contrast to 
that, the formal adjoint of a differential operator makes perfect sense in the 
context for all p since it is a differential operator in its own right. 



Elliptic operators. The unbounded operators induced by P have surpris- 
ing functional analytic properties if P is elliptic, i.e., if its principal symbol 
(Tm(P) : 7r*P 7r*F is an isomorphism off the zero section. We note that 
this implies that E and F have the same rank. Due to the relation of their 
principal symbols, ellipticity of P implies that P* is elliptic as well. The 
following theorem lies at the heart of the theory of elliptic operators. 

Theorem (A, 2.1). Let P : C~(M, E) C~(M, P) be an elliptic operator. 
Then the following holds. 

(i) "Elliptic estimate": For u E Ll^^{M,E), 

\\u\\li^^^^ < const -(IIPmIUp + \\u\\lp), (A, 2) 

where k E N and p G [1, oo). 

(ii) 'Elliptic regularity": If u E Lp{M, E) satisfies Pu E Ll{M, F) weakly, 
i.e., if there exists v E Ll{M,F) such that 

^w&C^{M,F)- / {u,P^w)EdVg = / {v,w)EdVg, 
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thenueLl^^{M,E). 

In particular, if u E L^^^{M,E) satisfies Pu = 0, then u is smooth. 
Hence, the kernels of the operators P/^ coincide and consist solely of 
smooth sections. 

The proof of the elhptic estimate is quite technical and can be found in 
many textbooks (cf. Aubin [4], Sec. 3.6 and references therein, or Gilbarg 
& Trudinger [18]). Elhptic regularity foUows from the elhptic estimate via 
smoothing arguments and can also be found in the textbooks cited above. 

This theorem together with well-known results from functional analysis 
are the key to an understanding of the analytic properties of elliptic operators. 
We now start including some proofs since our discussion in the main part of 
this thesis rehes on a detailed understanding of the next results. 

Proposition (A, 2.2). For any k E N, Pk is a closed unbounded operator 
Ll{M, E) Ll{M, F) with domain Lfc+^(M, E). 

Proof. We have to show that the graph of Pk, which is given by 

{iu,P,u) I u e dom(Pfc)} C Ll{M,E) x Ll{M,F), 

is a closed subspace. Suppose that (u„) is a sequence in dom(Pfc), i.e., in 
Ll+^{M, E) such that n„ ^ u in L^(M, E) and Pn„ v in L^(M, F). We 
claim that u G L^_,_^(M, E) and Pu = v. The elliptic estimate 

\\Un - Un'Wil^^ < const -(llPMn - PUu'WlI + \Wn - Uri'llll) 

shows that (n„) is a Cauchy sequence in L'^_^_^{M, E) thus converging in 
L^kJ^rn^M^E) to (the same limit point) u. By continuity of 

P:Ll^m{M.E)^Ll{M,Fl 

we infer that Pu = v. □ 

Proposition (A, 2.3). Ifp = 2, P and its formal adjoint P* satisfy (Pq)* = 
Po* and (Po*)* = Po. 

Proof. It suffices to show that dom(Po)* = dom(Po) (= L'^{M, F)). Suppose 
that V G dom(Po)*. Then there exists w G L'^{M,E) such that for any 
u G dom(Po), 



{Pu,v)pdvg= I {u,w)EdVg. 

Since C°°(M, E) C dom(Po), this imphes that w = P^v weakly in L'^{M,E). 
By elliptic regularity of P*, we conclude that v G L^(M, F). Hence, (Pq)* C 
Pq. The other inclusion is obvious. As P* is also elliptic, the second equality 
is proved in the same way. □ 
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In addition to the elliptic estimate, we shall need the following result. 
Proposition (A, 2.4) (Poincare inequality). Letp> 2, and 

u e (ker P)^ n dom(Pfc), 
where we take the orthogonal complement in L'^{M,E). Then 

< const ■ II Pm II (A, 3) 
Proof. Invoking the elliptic estimate, we have to show that 

\\u\\lp < const -IIPuIIl^- 

Arguing by contradiction, we assume that there exists a sequence (m„) in 
Ll^„XM,E) such that all L -orthogonal to ker P and 

Without loss of generality we may also demand that ||M„||iP = 1. Then the 
last inequality shows that ||PM„||iP — > 0, and the elliptic estimate imposes 
an L^_,_^-bound on (un)- We deduce from the Rellich-Kondrachov Theorem 
that a subsequence of (u„) converges in Ll{M,E) to, say, u. In particular, 
||m||j^p = 1. As Pun — > and Pk is closed, we infer that u e Ll^^{M, E) and 
Pu = 0. On the other hand, all Un are L^-orthogonal to kerP which yields 
that the same holds for u. Hence, u G kerP fl (kerP)-*" so that necessarily 
u = 0. This contradicts ||?i||LP = 1. □ 

As an application of this result, we now deduce the Fredholm property of 
elliptic operators. 

Theorem (A, 2.5). Let M be a closed, oriented manifold and let P : 
C°°{M, E) — * C°°{M,F) he an elliptic differential operator. Then the fol- 
lowing holds. 

(i) For every /c G N andp > 2, the operators Pk and Pj: are semi- Fredholm, 
i.e., they have closed ranges and finite dimensional kernels. 

(ii) "Hodge decomposition" : There is an -orthogonal decomposition 

Ll{M, F) = imPfc © ker(P*). (A, 4) 

In particular, Pk is Fredholm, i.e., its kernel and cokernel are finite dimen- 
sional. Moreover, the Fredholm index 

indPfc := dim(kerP/(.) — dim(cokerPfc) 

neither depends on k nor on p. 
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Proof. Let (vn) be a sequence in the image of which converges in L^{M, F) 
and let v denote the hmit point. We choose a sequence in L^_^^(M, .E) 
such that Pun = Vn- Since ker P C C°°(M, E) and Ll C (because p > 2), 
we may assume that all Un are L^-orthogonal to ker P. We then infer from 
the Poincare inequality (A, 3) that is a Cauchy sequence in L^_^^ hence 
converging to, say, u G Ll^jM,E). Since Pk : Ll^jM.E) Ll{M,F) is 
continuous, Pu = v. Therefore, imP^ is closed in L^{M,F). 

To prove the finite dimensionality of ker P, we want to use the well-known 
fact that a Banach space is finite dimensional if and only if the unit sphere 
is sequentially compact. Hence, suppose is a sequence in kerP with 

=1. As a consequence of the Rellich-Kondrachov Theorem, 
contains a subsequence which converges in L^f,{M,E) to some limit point 
u. Since Pun = 0, the elliptic estimate yields that this subsequence is also 
a Cauchy sequence in Ll_^_^{M, E) thus also converging to u with respect 
to the L^^^-topology. Continuity of P^ implies that Pu = so that u G 
ker P. Clearly, HmUlI^ = 1 and this shows that the unit sphere in kerP is 
sequentially compact. In the same way, replacing P with P*, we get that P* 
is a semi-Fredholm operator. Thus we have proved (i). 

Concerning (ii), let us first content ourselves to the case /c = and p = 2. 
Since Pq has a closed range in L'^{M,F), we have an L^-orthogonal decom- 
position 

L2(M, F) = imPo © ker(Po)* = imPo © ker Pq. 

Here, we have used that (Pq)* and Pq coincide. Since P* is elliptic, kerPg = 
kerP*. Hence, the assertion is proved in the case at hand. 

To obtain the general case, we intersect the above decomposition with 
Ll{M,F). Since Ll C and kerP* G C°°(M,P), this yields an L^- 
orthogonal decomposition 

Ll{M,F) = (imPonLP(M,P)) ©kerP*. 

Elliptic regularity of P implies that imPo fl Ll{M, F) = imP^ which estab- 
hshes (ii). 

From the Hodge decomposition we deduce that coker P^ = ker P* where 
the right hand side is finite dimensional and independent of k and p. More- 
over, we have already observed that kerP is finite dimensional and neither 
depends on k nor p. This implies the assertion about the independence of 
the Fredholm index. □ 

Discrete spectrum. Let P : C°°{M,E) C°°{M,E) be a formally self- 
adjoint, elliptic differential operator. Then, according to Proposition (A, 2.3), 



2. Analytic properties of elliptic operators 



121 



the associated operator Pq in L'^{M,E) is self-adjoint. This implies that its 
spectrum, 

spec(Po) := {A e C I Po - A : L^(M, E) L'^{M, E) is not invertible}, 

is a (closed) subset of M. As a consequence of the ReUich Lemma, any ele- 
ment A G C \ spec(Po) defines a compact operator (Pq — A)~^ : L^(M, E) — > 
L'^(M,E) C L'^{M,E). Therefore, Pq is said to have compact resolvent. 
From the spectral theory of compact operators, it is easy to deduce that the 
spectrum of a self-adjoint operator having compact resolvent consists solely 
of discrete eigenvalues of finite multiplicity, which form an unbounded subset 
of M (cf. Kato [23], Thm. III. 6. 29). One sometimes refers to this property 
by calling Pq an operator with discrete spectrum. In addition to that, el- 
liptic regularity of Pq implies that the corresponding eigenvectors are smooth. 

Injectively elliptic operators. The requirement that (Jm{P) is an isomor- 
phism naturally splits into two parts, namely injectivity and surjectivity of 
the symbol. A differential operator P : C°°{M,E) C°°{M,F) of order 
m is called injectively elliptic if its principal symbol is injective off the zero 
section. The elliptic estimate (A, 2) also holds for differential operators of 
this kind: 

Theorem (A, 2.6). Let P : C°°{M,E) C'=^{M,F) he an injectively 
elliptic operator of order m. Then the following holds. 

(i) "Elliptic estimate": For all k eN and u G Ll^^{M, E), 

< const ■(||Pu||i2 + WuWli). 

(ii) "Elliptic regularity": Ifue L'^{M, E) satisfies Pu G L^(M, F) weakly, 
thenueLl_^„,{M,E). 

Sketch of proof. We shall only give a proof in the case k > m, since then the 
assertions are immediate consequences of Theorem (A, 2.1) applied to the 
elliptic operator 

ptp . c'°°(M, E) C°°{M, E) 

of order 2m. Since P^_„ : Ll{M,F) Ll_^{M,E) is bounded, the elliptic 
estimate for P*P, 

||m||l2 < const -(11 P*Pm II + ||m||l? ), 

k-\-m. ^ k — m- ' k — m' 

implies that also 

||m||l2 < const ■(||PM||i2 ||m||j^2 ). 

' fc+m ^ k ' k—m' 
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Since |M|l2 < ||-||l2, we obtain the elliptic estimate for P and thus (i). 
Similarly, we get (ii) in the following way: Let u G L'^{M,E) and Pu = v 
weakly with v G Ll{M, F), k > m. Then it is immediate that 

P'Pu = P'veLl_„^{M,E) 

weakly. Therefore, u G -^^fc_m+2m — ^l+m- The proof in the general case 
has to be carried out by introducing Sobolev spaces of negative order as the 
dual spaces — endowed with the operator norm — to the corresponding spaces 
of positive order. The elliptic estimate continues to hold for these spaces, 
and the above arguments carry over to this setting. □ 

Remark. Although we have only given a rigid proof of the above theorem 
in the case k > m, we shall use it for all k > 0. Yet, we have formulated the 
theorem only for p = 2 since otherwise, the above proof does not easily carry 
over to the case k < m. 

One now establishes functional analytic properties much as before, taking 
care, however, that all arguments involving ellipticity of P's formal adjoint 
are no longer valid in the context of injectively elliptic operators. The fol- 
lowing Proposition summarizes the results we need. 

Proposition (A, 2.7). Let P : C°°{M,E) C°°{M,F) be an injectively 
elliptic operator of order m and let A; G N. Then 

(i) The unbounded operator Pk is a closed unbounded semi-Fredholm oper- 
ator 

Pu : L2(M, E) D Ll^^{M, E) ^ L^(M, F) 
with finite dimensional kernel. 

(ii) The formal adjoint of P satisfies {Pq)* = Pq- 

(iii) There is an -orthogonal decomposition 

Ll{M, F) = im © ker Pq*. (A, 5) 

Proof. Part (i) and (ii) are proved exactly as before. For this note that 
the Poincare inequality (A, 3) also holds for injectively elliptic operators. 
Regarding (iii), we first have an L^-orthogonal decomposition 

L\M,F) = imPo©ker(Po)*, (A, 6) 

for which we invoke that Pq has closed range. Suppose v G L'^{M,F). 
As an element of L'^{M,F), we may decompose v according to the above 
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as f = Pu + with u G L'^{M,E) and w G kerPg*. Applying P* to 
this equation, we deduce that P^v = P^Pu weakly in L'^{M,E). Elliptic 
regularity of P*P then guarantees that u G L2^(M, E) so that in particular, 
w = V - Pu G L^(M,P). As kerPg* n L^(M,P) = kerPg*, the assertion 
follows. □ 

In contrast to the elliptic case, ker(Po)* is in general neither finite dimen- 
sional nor does it coincide with the kernel of the formal adjoint. However, 
the above proposition implies 

Corollary (A, 2.8). Let P : C°^{M,E) C°°{M,F) be an mjectively 
elliptic operator of order m. Then 

L2 



imPo = imPm and ker(Po)* = kerPg 
Proof. Since imP^ C imPg and kerPg C ker(Po)*, 



imP„, C imPo and kerPg* C ker(Po)* (A, 7) 

because the subspaces imPo and ker(Po)* are closed in L^(M, P). As the 

that 



subspace Lf^{M,F) is dense in L'^{M,F), we deduce from (A, 6) and (A, 5) 



-L2 



im Po © ker (Po)* = im P^ © ker P* 

as L^-orthogonal decompositions. Together with (A, 7), this implies the 
assertion. □ 



Non-smooth coefficients. In gauge theory one usually works with nonlin- 
ear partial differential equations. In view of the implicit function theorem, it 
is promising to model the nonlinear partial differential operator on a suitable 
Sobolev space and study its differential in order to gather information about 
the set of solutions. This linearization fits into the context of linear differen- 
tial operators we have described above, though, with a slight modification: 
The point in the Sobolev space, where we are linearizing the operator enters 
the differential and we usually obtain a differential operator with Sobolev 
coefficients. However, the actual generalization we have to make is only a 
minor one. The underlying observation is that in the situation we shall en- 
counter, the nonlinear part of the partial differential equation is of order 0. 
This implies that linearizing the equation at different points yields operators 
differing only by a compact operator. It is then a well-established fact that 
the functional analytic properties of the two linear operators are essentially 
the same. 
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Theorem (A, 2.9). Let P : C°°{M,E) C°°{M,F) be an injective elliptic 
operator of order m. Moreover, let T : L'^{M, E) —>■ L'^{M, E) be a compact^ 
operator and consider P + T with dom(P + T) = L'^{M,E). Then the 
following holds 

(i) The unbounded operator P + T is closed and semi-Fredholm operator 
with finite dimensional kernel. 

(ii) L2(M, F) = im(P + T) © ker(P + T)*. 

(iii) Suppose that F = E and that P is formally self-adjoint, and T is 
symmetric with respect to the scalar product. Then P + T is a 
self-adjoint Fredholm operator in L'^{M,E) with compact resolvent. 

Part (i) and (ii) follow from Proposition (A, 2.7) and Theorem V.5.26 
of [23] about relatively compact perturbations of semi-Fredholm operators. 
Part (iii) is an immediate consequence of Theorem 9.9 in [58], see also Sec. V.4 
in [23]. 



^In this situation, T is called relatively compact with respect to P. 



Appendix B 

The determinant line bundle 



In this appendix we present a version of how to construct a canonical hne 
bundle over the space of Fredholm operators. Since we shall not need this 
notion in the context of Banach spaces, we restrict ourselves immediately 
to Hilbert spaces although the situation is more or less the same. For a 
discussion of different possibilities to construct the determinant bundle, we 
refer to [6], Ch. 3. 

Let ^{Hi, H2) denote the set of bounded Fredholm operators between 
two separable K-Hilbert spaces Hi and H2. 

Definition (B, 1.10). The determinant line of T G ^{Hi, H2) is the vector 
space 

detT := det(kerr) ® ( det(coker T))* , 

where (...)* denotes the dual space. Recall that for each n-dimensional 
K- vector space V, the space det(y) is defined as the top exterior power 
K^V . In particular, det{0} is the underlying scalar field K. 

The space of Fredholm operators. We equip ^{Hi, H2) with the topol- 
ogy induced by the operator norm on ^{Hi, H2), the latter denoting the Ba- 
nach space of bounded liner maps. Let C ,^{Hi, H2) be a connected open 
subset. It is well-known that the map T 1—* ind(T) is constant on Assume 
for a moment that the assignment T 1— > dim(kerT) is also constant on 
Under this assumption, defining {Ker)^ := kerT and {Coker)^ := cokerT 
for every T G yields vector bundles Ker ^ and Coker — > . We can 
thus form the line bundle 

Det := det{Ker) ® ( det(CoA;er))* — > ^ . 
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However, there is no immediate way of endowing the collection |Jj. det T with 
the structure of a line bundle if dim(kerT) varies with T. To achieve this, 
we introduce the following concept. 

Definition (B, 1.11). Let ^ C ^{Hi,H2) and let K : ^ ^{V,H2) 
be a continuous map, where V is a. finite dimensional Hilbert space. If the 
operator 

Tk:Hi®V^ H2, (e, v) ^ Te + K{T)v, 
is surjective for every T G we call K a stabilizer over ^ . 

Let K : ^ -^{V, H2) be a stabilizer over some open subset C 
the latter denoting the component of Fredholm operators of index n. Then 
for every T G the operator Tk is surjective and Fredholm with index 
equal to n + dimV^. Therefore, the collection IJ^g^^kerTj^ forms a well- 
defined vector bundle which we denote by Kerx — > ^ ■ We can then form 
the line bundle 

<lQi{KerK) — > ■ 

We shall see in Proposition (B, 1.17) below, that there exists a natural iso- 
morphism 

det T = det(ker Tj^) ® (det V")* (B, 1) 

for any T G Thus, the idea is to define the structure of a line bundle on 
Uts"?/ above isomorphisms. Before doing so, let us first recall 

the well-known fact that stabilizers exist in abundance. 

Lemma (B, 1.12). For each Tq G J^{Hi, H2) , there exist a finite dimen- 
sional subspace V d H2 and an open neighbourhood of Tq such that the 
constant map K := {V "-^ H2) is a stabilizer over ^ . 

Proof. Let V := imT^*-. Since Tq is Fredholm, \^ is a finite dimensional 
subspace of H2. We define W := (keiTo)^ C Hi and K := {V ^ H2). Then 
the map 

S : ^{Hi, H2) ^ ^{W © V, H2), S{T) := T^key 

is continuous. Moreover, the construction is made in such a way that S{Tq) 
is invertible. It is well-known that the set of invertible elements is open in 
^{W © V,H2). Hence, there exists an open neighbourhood of To such 
that for every T G the operator S{T) : W ® V ^ H2 is invertible. In 
particular, the operator : Hi ®V ^ H2 is surjective. □ 
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The determinant line of a Fredholm operator. Our next aim is to 
describe the isomorphism (B, 1). This requires some linear algebra so that 
we shall restrict to the case of a single Fredholm operator T : Hi ^ H2 in 
order to simplify notation. 

Lemma (B, 1.13). Let K : V H2 be a stabilizer ofT E ^{Hi,H2), and 
let Py := Projy : Hi Q) V V , and F := PTO}^^i.^^rp oK, where Proj denotes 
the orthogonal projection. Then the sequence 

^ kerT > kerTx > V — ^—^ cokerT > (-^' 2) 

is exact. Hence, there exists a natural isomorphism 

det(ker T) ® det ^ det(ker Tk) ® det(coker T). (B, 3) 

Proof. The existence of the isomorphism (B, 3) follows from exactness of 
(B, 2) and Lemma (B, 1.14) below. Hence, we are left to show exactness of 
the sequence. Since this is fairly trivial, we only mention that Py(kerTft:) = 
ker F because 

V E PvikeiTx) Kv E imT <^=4> Ff = Projco^gj.^ oKw = 0. □ 

Lemma (B, 1.14). Let 

> Vn K-i . . . Vo > (B, 4) 

be an exact sequence of finite dimensional vector spaces. Then there exists a 
natural isomorphism 

(g)detK-2fc= (g) detK-i-2fc (B, 5) 

2k<n 2k<n-l 

Sketch of proof. Let r]n ® f]n-2 ® ... be an element of the left-hand side of 
(B, 5). For each i let q := dim(Vi/ ker /j). It follows from exactness of (B, 4) 
that there exist Ui E A'^'Vi such that 

T]n ® r]n-2 ® • • • = t^n ® (/(cU^-l) A UJn-2) ® • • • 

Then 

Un ® (/(t^n-l) A UJn-2) ® . . . I > (/(t^n) A UJn-l) ® U i.^n-2) A UJn-'i) ® ■■■ 

gives the desired isomorphism. It is routine to check that this isomorphism 
does not depend on the particular choices of a;„, . . . , cuq. □ 
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Definition (B, 1.15). We call a basis of the form 

LOn ® (/(u;„_i) A u;„_2) ® • • • G det K-2fc 

2k<n 

an adapted basis associated to the sequence (B, 4). 

Example. Let us illustrate the independence of the adapted basis in the 
case n = 2, i.e., for a short exact sequence 

> V2 — ^ Vi Vo > 0. 

Let r]2 ® Vo ^ det V2 ® det Vq and choose Ui, uj[ G k'Vi such that 

If this expression is nonzero — what we will assume henceforth — there exists 
A e K* such that U2 = \ ■ and fi{uj'i) = ■ fi{uj[). Note that this 
does not imply that uj[ = ■ Ui since Ui and uj[ might span determinant 
lines of different complements to ker /i. Yet, writing UJ2 = Ui A . . . A Uc2, 
uji = A . . . A f d , and lj[ = v[ A . . . Av'^_^, we obtain two ordered bases of Vi , 

(/2(mi), • • • , f2{uc2),vi, . . . , Vc,) and (/2(mi), • • • , f2{uc2),v[, . . . , 

The corresponding transition matrix has the form 




and thus, f2{^^2) A lj[ = det(y4) ■ /2(co'2) A Ui. Moreover, since fi{uj[) = 
X^^ ■ fi{uJi) and f2{ui) G ker/i, it follows that det A = A~^ Then 

/2(t^2) /\uj[ = /2(A ■U2) Auj[ = X- f2M A uj[ 

= X ■ (det A) ■ /2(c^2) A cJi = /2(u;2) A lui. 



Sign conventions. Recall that for any 1-dimensional K-vector spaces L 
and L', there are canonical isomorphisms 

L ® L' = L' ® L, u®u' I — > u ®u 

L*®L = K, u*®v\ — ^ ' 

With these rules it is easy to get (B, 1) from (B, 3). However, there are 
some subtleties concerning signs. In Appendix C we want to extract a sign. 
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the so-called orientation transpori, from the determinant line bundle of a 
path of self-adjoint Fredholm operators. For this reason we have to be very 
careful about how to deal with signs. We shall use the Knudsen-Mumford 
sign conventions [25] which we recall now (see also Nicolaescu [47], Sec. 1.2). 

Let V he a. finite dimensional K-vector space. Then the determinant 
line det carries a natural weight, namely the natural number dimV^. The 
general concept lying behind this is the following: 

Definition (B, 1.16). Let L be a 1-dimensional vector space, and let w E'L. 
Then the tuple (L, w) is called a weighted line. We define 

and, if (L', w') is another weighted line, 

(L, w) ® {L', w') := (L 0L',w + w'). 

From now on we consider a determinant line det \^ as a weighted line with 
weight dim^. 

In the context of weighted lines (L, w) and (L', w'), the canonical isomor- 
phisms (B, 6) are altered in the following way: 

L(g}L' = L'(g}L, u®u' \ — > {-lY'"'u' ® u 

w{w—l) 

(B, 7) 

^ K, u*®v\ — > {-l)^^u*[v]. 

These are the so-called Knudsen-Mumford sign conventions. For the remain- 
ing part of this appendix it is understood that we are using (B, 7). 

Example. The application to Lemma (B, 1.13) in mind, we shall have a 
closer look at a four term exact sequence 

> — ^ V2 Vi — ^ Vo > 0. 

Then the isomorphism det V3 ® det Vi = det V2 ® det Vq together with (B, 7) 
shows that 

det 1/3 ® (det Vq)* = det V3 ® det Vi ® (det Vi)* ® (det Vq)* 
^ det V2 ® det Vq ® (det Vi)* O (det Vo)* 
^ det V2 ® (det Vi)* ® det Vq » (det Vq)* 
^ defl/2® (detVi)* 

Taking the sign conventions into account, one checks that, in terms of an 
adapted basis 

^^3 ® if2M A uji) e det V3 (g) det Vi, 
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the induced isomorphism det V3 ® (det Vq)* = det V2 Cg) (det Vi)* is given by 

^3 ® (/iK))* I ' (-1) ^ (/3(^3) A 002) ® (/2(^2) A ^1)*, 

where rij := diml^, and (...)* denotes the operation of taking the dual. 

Translating this example to the situation of Lemma (B, 1.13), we obtain 
the result we were aiming at in (B, 1): 

Proposition (B, 1.17). Let T e ^{Hi, H2) and let K : V ^ H2 be a stabi- 
lizer of T . Define F := Pto}^q^^^j.j.oK . Then there is a natural isomorphism 

$x : det(kerT) ( det(coker T))* det(kerTx) ® (det V)*. 

This isomorphism is uniquely defined in the following way. If 

^ (g) (Pviv) A cj) G det(kerT) ® (det V), 

is an adapted basis associated to the sequence (B, 2), then 

^k{^ ® (Fiuj))*) = (-1) ^' (e A 77) ® (Pviv) A ujT, (B, 8) 

where Uq := dim(cokerT) and Ui := dim^. 

The advantage of regarding determinant lines as weighted lines together 
with the above sign conventions is that the isomorphism (B, 5) behaves func- 
torial with respect to morphisms of exact sequences. Instead of going into 
further detail in the abstract setting, we restrict to the application to deter- 
minant lines of Fredholm operators. 

Let Ki -.Vi ^ H2 and K2 : V2 ^ H2 be stabilizers of T G ^{Hi.Hi). 
Then Ki + K2 : Vi ® V2 ^ H2 is also a stabilizer of T. Hence, Proposition 
(B, 1.17) yields isomorphisms 

^K,+K2 ■ det(kerT) O (det(coker T))* ^ det(ker T^i+i^J ® (det(Fi © I/2))* 
and, for i = 1,2, 

: det(kerT) O (det(coker T))* ^ det(kerTxJ ® (det Vi}*. 
The next result shows that these isomorphisms are naturally related. 

Proposition (B, 1.18). Let Ki : Vi ^ H2 and K2 : V2 ^ H2 be stabilizers 
ofT G ^{Hi,H2). Then, fori G {1,2}, there exists a natural isomorphisms 

$i : det(kerTxJ ® (det V,)* det(ker T^,+xJ ® (det(V^i © 1^2))* 
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such that the following diagram commutes. 

det(ker Txi+i^J ® det{Vi © V2) 




det(kerTi^J ® (detyi; 





det{ker Tk,) ® (det^s) 




det(kerT) ® det(cokerT)^ 



(B, 9) 



Proof. We show the assertion for the left triangle of (B, 9). It is easy to 
check that, with Fj := Proj^okerr 











Vo 



id 



kerT 

id 

-> kerT 



kerTxi+i^2 



Vo 



Pvo 



kerT, 











Vi®V2 







-F1+-F2 



> cokerT > 

id 



coker T 







is a commutative diagram with exact rows and columns. Note that the first 
vertical short exact sequence stems from the fact that Tki+k2 is a stabilizer 
of Tk^ . It yields that 

det(ker Tk,) ® det V2 = det(ker T^^^+^J. (B, 10) 

Moreover, we get from the second vertical short exact sequence that 



det Vi ® det V2 = det(Vi © V2). 



(B, 11) 
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Now, we deduce from these two isomorphisms that the isomorphism $i we 
are looking for is naturally given by the composition 

det(kerTi^J ® (detVi)* 

^ det(ker TxJ ® (det Vi)* ® det V2 ® (det ¥2)* 
^ det(ker TxJ det V2 ® (det Vi)* ^ (det ¥2)* 
^ detikei Tk,+k,) ® {det{Vi © V2)Y . 

Note that in the last line we have employed that (Li ^ L2)* = LI (E) L2 for 
any two weighted lines Li and L2. 

To give an exphcit description of $1, consider adapted bases, 

r/i ® Pv2{V2) e det(ker Tk,) ® det V2 

associated to (B, 10), and 

uJi (g) (^^2) e det Vi ® det V2 

associated to (B, 11). Note that we may take uj2 '■= Pvi®V2{V2)- This follows 
from commutativity of the big diagram which particularly shows that 

Pv2ii02) = Pv2 o Pv,eV2iV2) = PvM- (B, 12) 

Using the sign conventions (B, 7), and letting Ui := dim Vi and 77,2 := dim V2, 
one readily checks that $1 is now given by 

$i(r/i ® u{) = (_i)nin2+i^^ . ^ ^ ^ ^ Py.(r72))* 

It remains to check that $1 o ^j^^ = ^j^^^j^^. To use the explicit descrip- 
tion (B, 8) of ^Ki, "we consider an adapted basis 

e ® (Pv^iv'i) A u;[) e det(kerT) ® (det Vi) 

so that 

$A'. ® i^i(^;)*) = (-1) ^ (e A r^i) ® {PvM) A , 

where no := dim(cokerT). Letting 771 := ^ A !][ and Ui := Py^ijii) A uj[ in 
(B, 13), we apply $1 to this and get 

$1 O ® F(cjO*) = (-1) 2 ^ 

• {{i A A 7^2) ® {{PvM) A ^0 A Pv^im))* ■ 
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To compute ^Ki+K2{i ® F{uj[)*^, first note that 

is an adapted basis associated to the exact sequence (B, 2) in the case K = 
+ K2. Since (Fi + Fs)^) = F^iu[), 

<i>M2(e®i^iK) ) = (-1) ^ 

■ (e A iv'i A r/2)) ® (Py, W) A Py,(r/2) A u',)* . 

Since r/2 G A"2(ker T^i+z^J and lu[ e A"ol/i, 

Py,(77i) A A Pv2iV2) = (-1)"°"^ ■ PvAv'i) A Py.(r/2) A (B, 14) 

Therefore, to prove that $1 o (^j^^ F{lu[)*) and $Xi+X2 ® Pi(^i)*) are 
equal it remains to observe that 

^_-[_^ '""+"1 "^"+"1 +nin2+ "^'';^+'' ^ '""+"1 +"2)(^n+"i +"2+i) 

Remark. We have been so exphcit in the last proof to show that the sign 
conventions are essential. If we had rather used the isomorphisms of (B, 6), 
we would have had a problem with signs. This is because the factor (— l)"o"-2 
in (B, 14) would not have cancelled out. 



The determinant line bundle. The considerations in the last paragraph 
enable us to define the determinant line bundle over the space of Fredholm 
operators. 

Theorem (B, 1.19). There exists a canonical line bundle Det ^ with 
fibres DetT = det T and the following property: For every finite dimensional 
Hilbert space V and every open subset ^ (Z ^ such that there exists a 
stabilizer K : % ^ -^{V, H2), the fibrewise isomorphisms 

^K.T : detr — ^ det(kerT^) ® (det V)\ T G (B, 15) 

given by Proposition (B, 1.17) yield a well-defined bundle isomorphism 

■■ Dety — > det{KerK) ® (det Vyy. 

Proof. Let Tq G and consider a stabilizer K over some open neighbour- 
hood ^ of Tq. Then we use the isomorphisms (B, 15) to pull back the line 
bundle structure of det^Kerx) ® (detl^)*|»2^ to IJ^^g^g^ det T. Note that ac- 
cording to Lemma (B, 1.12), we can cover IJ^^^ det T in this way. Yet, we 
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still have to prove that the thus obtained line bundles patch together and do 
not depend on the stabilizers we have chosen. For this it suffices to check 
that given two stabilizers Ki : ^ ^{Vi,H2) and K2 : ^ ^{V2,H2) 
over a common subset C there exists a bundle isomorphism 

$12 : det{KerK,) ® (det^i)*!^/ det(KerxJ ® (detVa)*!^ 
such that for every T G the following diagram commutes: 

det(kerTxJ ® (det Vi)* "^^^'^ > det(kerr^J ® (det V2)* 




detT 



It is immediately clear from (B, 9) that in the notation of Proposition 
(B, 1.18), letting $12 := $2^^ o $1 makes the above diagram commutative. 
Moreover, the explicit formula (B, 13) shows that the collection of fibrewise 
maps yields, in fact, a bundle isomorphism $12. This completes the proof. □ 

Definition (B, 1.20). Let T : X ^{Hi,H2) be a continuous family of 
Fredholm operators, where X is an arbitrary topological space. Then the 
puUback bundle 

detT := T*{Det) — > X 

is called the determinant line bundle of the family T. If f/ C X is an open 
set such that there exists a stabilizer K : T{U) ^{Hi © V, H2) we shall 
call K oT a. stabilizer ofT over U (and usually denote it also by K). 

Remark. In particular, the line bundle detT — s> X is defined in the fol- 
lowing setting: Let {T^ j^ex be a family of closed, densely defined Fredholm 
operators in a separable Hilbert space H such that domT^ = W is indepen- 
dent of X. Moreover, we assume that the induced graph norms on W are all 
equivalent. Then T can be regarded as a map T : X — s> ^{W, H), and thus 
the above definition applies provided that the map is continuous. 

Now suppose that T : X ^ ^{Hi, H2) is continuous where X is compact. 
According to Lemma (B, 1.12), we can cover X with finitely many Ui such 
that there exist finite dimensional subspaces Vi C H2 such that Ki := {Vi ^ 
H2) is a stabilizer over Ui. It is then clear that letting V := 0,- Vi we may 
take V ^ H2 stabilizer over X. Hence, 
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Lemma (B, 1.21). If X is compact and T : X ^{Hi, H2) is continu- 
ous, then there exists a finite dimensional subspace V d H2 such that the 
constant K := {V ^ H2) defines a stabilizer ofT over X . In particular, the 
determinant line bundle det T ^ X is globally isomorphic to 



det(kerTi^) ® (det V)* — > X. 



Appendix C 

Spectral Flow and Orientation 
Transport 

In this appendix, we summarize the definition and elementary properties of 
the spectral fiow assigned to a path of self-adjoint elliptic operators. We 
shall not attempt to give the most general definition and restrict ourselves 
to the special cases which will actually occur in the applications we have in 
mind. However, this requires some nontrivial considerations about how the 
spectrum changes along a path of self-adjoint operators. We will only state 
the results we need referring to the literature for proofs. 

In the second part we shall then see how to extract a number — the so- 
called orientation transport — from the determinant line bundle of a path of 
self-adjoint operators. We will then prove a formula relating this notion with 
the spectral fiow. Due to the conventions we have used in Appendix B there 
are some subtleties about signs. Therefore, we include all proofs concerning 
the orientation transport. 

1 Spectral flow 

The spectral fiow is assigned to a continuous path of bounded self-adjoint 
Fredholm operators by counting with multiplicity the number of eigenvalues 
passing through zero in the positive direction (see Fig. C.l). The original 
definition due to M. Atiyah and G. Lusztig is via the intersection number 
of the spectrum's graph with the zero line (cf. Atiyah et al. [3]). To get a 
rigorous definition one possibly has to perturb the path slightly in order to 
make certain that the intersection number is well-defined. 

Remark. Nowadays there are more satisfactory, yet logically equivalent 
definitions of the spectral fiow. J. Phillips' approach [49] is perhaps the 
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Figure C.l: Spectral flow 



most appealing. An extensive treatment for paths of unbounded self-adjoint 
operators can be found in Boofi-Bavnbek et al. [7]. Nevertheless, we will 
follow the original ideas of Atiyah since they are better suited for the actual 
computations which occur in this thesis. 

Paths of Hermitian matrices. Before we can deflne the spectral flow, we 
have to recall some results from flnite dimensional perturbation theory. 

Let {A}te[a,fe] be a path of self-adjoint operators in a flnite dimensional 
K-Hilbert space H . Modulo the choice of a basis of if, the path {At}fg[a,6] 
consists of Hermitian^ matrices. We want to flnd suitable paths of eigenvalues 
parametrizing the graph of the path's spectrum, i.e., the subset 

y {t} X spec(A) C [a, 6] x M 

If At is a C'^-path such that there are only simple eigenvalues, then the 
implicit function theorem ensures that it is possible to flnd C'^-functions 
parametrizing the graph. In addition, it is then easy to see that there exist 
C^-families of corresponding eigenvectors. 

Whenever an eigenvalue has higher multiplicity, the situation becomes 
much more delicate. Nevertheless, there is one comparatively simple observa- 
tion: We can flnd continuous paths of eigenvalues whenever At is continuous 
in t. Repeating each eigenvalue according to its multiplicity we only have 
to number the eigenvalues in ascending order and the paths obtained in this 

-"^In what follows, "Hermitian" has to be replaced with "symmetric" if IK = M. 
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way turn out to be continuous (cf. Kato [23], Sec. II. 5. 2). If At is assumed to 
be C^, smooth or analytic, it is natural to ask whether the parametrization 
of the spectrum's graph can be chosen to have a corresponding regularity. 
However, according to classical results due to Rellich, this is only partially 
true. We shall now recall some of those results. 

Theorem (C, 1.1). (cf. [23], Thm. II. 6.1). Let At be a real analytic path 
of Hermitian matrices. Then there are two sets of real analytic families 
representing the repeated eigenvalues and the corresponding eigenvectors re- 
spectively. 

Theorem (C, 1.2). (cf. [23], Thm. II.6.8). Assume that At is a C^-path 
of Hermitian matrices. Then there exist continuously differentiable functions 
Aj representing the repeated eigenvalues. 

It should be noted that the proof of the second theorem is rather com- 
plicated and does not carry over to higher orders of differentiability. More- 
over, we cannot hope that there exist corresponding C^-families of eigenvec- 
tors. This is illustrated by a famous example due to Rellich (cf. Kato [23], 
Ex. II. 5. 3). It is not difficult, though, to show that the total projection on 
the eigenspaces near a fc-fold eigenvalue is continuously differentiable: 

Theorem (C, 1.3). (cf. [23], Thm. II.5.4). Let At beaC^-path of Hermitian 
matrices, and suppose that X is a k-fold eigenvalue ofAtg . If Xi, ■ ■ ■ , Xk denote 
C^-functions representing eigenvalues of At such that Xi(to) = X, then the 
total projection 

P^ojker(A-Ai) + • • • + Projkpj,(^_^^) 

is continuously differentiable neart^. 

In addition to these well-known results, we want to point out a recent 
result due to Alekseevsky, Kriegl, Michor and Losik: 

Theorem (C, 1.4). (cf. [2], Thm. 7.6). Let At be a smooth family of 
Hermitian matrices such that no two of the continuous eigenvalues meet of 
infinite order at any t if they are not equal for all t. Then all the eigenvalues 
and all eigenvectors can be chosen smoothly in t on the whole parameter 
domain. 

Using the proof of the last results as a guideline, we now want to consider 
an example which we will need in the main part of this thesis. 
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Example (C, 1.5). Let {y4t}t£[_i ^ be a C"^-path of self-adjoint operators 
acting on a finite dimensional Hilbert space H and suppose that = and 
that the eigenvalues of A'q are simple. Then the following holds: 

(i) The eigenvalues of At near can be parametrized by C^-functions Aj, 
and there exist corresponding C^-maps of normalized eigenvectors Vi. 

(ii) If in addition one of the eigenvalues of A'q vanishes then the correspond- 
ing C^-path of eigenvalues, say A, satisfies 

\'\Q) = il^^{A,vuVt) , (C, 1) 

where Vt is the path of eigenvectors associated to A near 0. 

Proof. Since Aq = Q and At is C^, we can use the Taylor approximation to 
write 

4(2) .(3) 

At = Kt + lr'' + ^t' + R{t), 

with the Taylor remainder -R(t), which is and satisfies ||-R(t)|| < C\t'^ for 
all t. This implies that is a C^-map with a zero of order 3 in 0. We can 
thus write At = tBt, where Bt is a C^-path of self-adjoint operators on H 
satisfying Bq = Aq. From Theorem (C, 1.2) we thus obtain C^-functions /ij 
parametrizing the eigenvalues of Bt. Due to our assumptions, each /ii(0) is a 
simple eigenvalue of Bq = Aq so that we can find e < 1 such that all Hi{t) are 
simple eigenvalues of Bt for each \t\ < e. Therefore, by virtue of the implicit 
function theorem, each /ij(t) is necessarily a C^-function on (— e, e). This 
shows in particular that ker(i?( — fii{t)) forms a C^-line bundle over {—e,e). 
Choosing normalized sections Vi{t) produces C^-paths of eigenvectors of Bt. 
Defining C^-functions Xi{t) := tfii{t) we now observe that for \t\ < e, 

AtViit) = tBtViit) = tiii{t)v,{t) = Kit)viit). 

Therefore, each Aj is a C^-path of eigenvalues of At near with corresponding 
C^-path of eigenvectors fj. This proves part (i). 

Now assume that A = Ajg satisfies A'(0) = 0. For any t G {—e,e), we 
then have AtVt = X(t)vt with a C^-path of eigenvectors Vt of unit length. 
Differentiating this yields 

A[vt + Atv[ = X'{t)vt + X{t)v[. (C, 2) 

Taking the inner product with Vt results in 



X'{t) = {A[vt,Vt) + 2Re{AtVt,v't) , 
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where we have used self-adjointness of At. Differentiating again and evalu- 
ating at t = 0, we infer that 

Since Aq = 0, A(0) = and A'(0) = we deduce from (C, 2) that A'^^vq = 0. 
Therefore, the three summands on the right hand side of the above equation 
vanish, and this proves part (ii). □ 

Paths of self-adjoint operators. After this short digression into finite 
dimensional Hilbert space theory, we return to the setting we actually have 
in mind. Let {Tt}te[a,b] be a family of unbounded, self-adjoint operators^ in 
a separable K-Hilbert space H. Assume that there exists a Hilbert space W 
such that all Tt have W as a common domain with graph norm equivalent 
to the given norm on W, i.e., we suppose that Tt is a function with values in 
the set 

^saiW, H) := {T e ^{W, H) I T self-adjoint operator in H). (C, 3) 

In contrast to that, let 

^syrr^iW, H) := [T G ^{W, H) \ T Symmetric operator in H]. (C, 4) 

Recall that ^symiW^H) is a Banach space if endowed with the operator 
norm topology. Due to the Kato-Rellich Theorem (cf. [23], Thm. V.4.3), 
-^sym{W, H) contains ^sa{W,H) as an open subset. Therefore, in the case 
at hand, we may speak of continuity and differentiability of the family Tt 
with respect to the operator norm topology on ^sa(W, H). 

Moreover, we assume that W embeds compactly in H which ensures 
that each Tt has discrete spectrum consisting of real eigenvalues with finite 
multiplicity. 

The following result makes a precise definition of the spectral flow possi- 
ble. It is a consequence of Theorem (C, 1.2) and Theorem (C, 1.3). A proof 
can be found in Robbin & Salamon [50], Cor. 4.29. 

Theorem (C, 1.6) (Kato's Selection Theorem). Suppose thatTt is continu- 
ously differentiable. Let to ^ [o, b] and c > such that ±c ^ spec(T(g), and let 
n he the dimension of the subspace spanned by eigenvectors corresponding to 
eigenvalues in (— c, c). Then there exists a constant e > and -functions 

\i : {to -e,to + e) ^ (-c, c), i E {l,...,n} 

^In our applications, Tt will be a family of formally sclf-adjoint, elliptic operators of 
constant order m, i.e., operators in H = with domain W ~ (cf. the discussion in 
App. A, Sec. 2). 



1. Spectral flow 



141 



with the following properties: 

• Xi{t) e spec(Tt) 

• Kit) e spec {Pi{t) o T; o Pi{t)), where Pi{t) = Projkcr(Tt-A,(t)) • 

• // A G spec(T() n (— c, c) with corresponding spectral projection P and 
fi G spec(P o T/ o P) is an eigenvalue of multiplicity m, then there are 
precisely m indices ii,...,im such that Xi.{t) = X and K^{t) = fi for 
j = l,...,m. 

Definition (C, 1.7). Assume that T : [a,b] ^saiW.H) is continuously 
different iable. Tlien we define tlie crossing operator of T at t G [a, h] by 
letting 

Crit) := ProjkcrTt ° IkerTt : kerTt kerTt . 

The path T is called transversal if Cxit) is invertible for each t G [a,b]. 
Furthermore, T is said to have simple crossings if dimkerTt < 1 for every 
t G [a,b]. 

Remark. Whenever T is a transversal path of self-adjoint operators, Kato's 
Selection Theorem ensures that the graph |Jte[a ^ spec(Tt) intersects the 
line [a, b] x {0} transversally. This explains the chosen terminology. 

An application of Sard's Theorem yields 

Theorem (C, 1.8). (cf. [50], Thm. 4.22). Suppose T : [a,b] ^,a{W, H) 
is continuously differentiahle. Then the path T + 6 is transversal for almost 
every 5 G M. 

Definition (C, 1.9). Let T : [a,b] ^sa{W,H) be a continuously differ- 
entiahle path. Since and Ti, have discrete spectrum, there exists 5 > 
such that the operators Ta + e and Ti, + e are invertible for all < £ < 5. 
According to the above result there exists e among these such that the path 
T -(- £ is transversal. We define the spectral flow of T by letting 

SF(T) := ^ signCT+.(t) , 

where "sign" denotes the signature of a Hermitian endomorphism, i.e., the 
number of positive eigenvalues minus the number of negative ones. 

By virtue of Kato's Selection Theorem, the above definition is indepen- 
dent of the choices made provided that 5 is chosen sufficiently small. 
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If e can be chosen in such a way that in addition, T + e has only simple 
crossings, then the spectral flow of T is clearly given by 

SF(T)= sgn{TS,Vt), 

where each vt is a vector spanning ker(T( + e). Here, "sgn" denotes the sign 
whereas "sign" is reserved for the signature of a Hermitian endomorphism. 

Remark. Observe that our deflnition has a built-in convention of how to 
treat zero eigenvalues of Ta and T},: Instead of counting crossings with the 
zero line, we take the intersection number of IJtg[a6]{0 ^ spec(T() with the 
line [a, 6] x {—s} (cf. Fig. C.2). Moreover, note that this corresponds to 
subtracting negative eigenvalues of CT{a) and adding positive eigenvalues of 
Crib), i.e., 

^ sign Cr+eit) = signCr(t) - #{A G spec CT(a) | A < 0} 

te(a,b) te{a,b) 

+ #{AGspecCT(6)|A>0}. 

Properties of the spectral flow. For any pair Ti : [a,b] J^'sa{Wi, Hi) 
and T2 : [a, b] ^sa{W2, H2) of paths of self-adjoint operators, we can form 
the direct sum 

Ti©T2 : [a,b]^ ^sa{Wi®W2^Hi®H2) . 

Given Ti : [a, b] ^sa{W, H) and T2 : [6, c] ^ ^saiW, H) satisfying T^ib) = 
T2{b), we can also build the concatenation Tijj^T2 : [a, c] ^sa(}V,H), 
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defined by 

' Ti{t) iite[a,b] 



T2{t) ifte[6,c]. 



Proposition (C, 1.10). (cf. [50], Thm. 4.23). LetTi andT2 he continuously 
differentiable paths of self- adjoint operators in H with domain W . 

(i) IfTi is a constant family, then SF(Ti) = 0. 

(ii) IfTi and T2 are homotopic relative endpoints, then SF(Ti) = SF(T2). 

(iii) SF(Ti©T2) = SF(Ti) + SF(T2), where we allow Ti andT2 to be defined 
in different Hilbert spaces. 

(iv) SF(Ti#T2) = SF(Ti) + SF(T2), whenever the left-hand side is well- 
defined. 

Remark. It is not difficult to see that a homotopy invariant on the space 
of C^-paths gives also rise to a homotopy invariant for continuous paths. 
Thus we could go on and define the spectral flow in this more general setting 
like, for example, in Sec. 4 of [50]. However, the situation we shall actually 
encounter does not require any further considerations so that we refer to the 
literature for a more extensive treatment. 



2 Orientation transport 

Let H he a. separable M-Hilbert space and let C i/ be a dense subspace. 
We denote by 

.^Uw, H) ■= ^,a{W, H) n .^{W, H) 

the space of closed, unbounded, self-adjoint Fredholm operators with domain 
W. Note that ^saiW.H) is an open subset of ^symiW, H) if we use the 
operator norm. We now consider the restriction of the determinant line 
bundle Det ^{W,H) of Appendix B to ^sa{W,H). For every T G 
^sa{W,H) we have (imT)-*- = kerT. Using the Knudsen-Mumford sign 
conventions (B, 7), we thus have: 

Lemma (C, 2.1). For every T G ^sa{W,H) letriQiT) := dim(kerT). Then 
there is a canonical isomorphism 

■■ DetT = det (kerT) ® det(cokerT)* R, (C, 5) 

given by 

*T(e®^ ) := (-1) — ^ — ^ [e]- 
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Remark. Note that this lemma does not necessarily imply that the line 
bundle Det\_^^^ is trivial since the collection {^T)T^.^sa need not give 

rise to a continuous map Det\^^^ — > x 

Orientation transport. Let T : [a, b] ^^sai^, H) be a continuous path. 
Since [a, h\ is contractible, there exists a trivialization of the determinant line 
bundle det T — > [a, h]. This induces an isomorphism 

^T„T, :detT, ^detT,. (C, 6) 

By concatenation with the isomorphisms of (C, 5) at the endpoints and 
Tfc we get a chain of isomorphisms 

M — ^ detTa — ^ detTfo ^ M. 

It is immediate that the parity of the isomorphism M ^ R given in this 
way is independent of the particular choice of trivialization of detT [a, h\. 
Hence we may define: 

Definition (C, 2.2). Let T : [a, 6] — > ^saiWi^) be a continuous path, and 
let '^TaTf, '■ det Ta — > det T;, be an isomorphism induced by a trivialization of 
det T — >• [a, 6] . Then 

£(T) :=sgn (^'r,o^'T.T,o^'^J(l)) 
is called the orientation transport along T. 

We are now going to derive an alternative formula for the orientation 
transport in the case of a continuous path T : [a,h] .^^saiW.H) which 
has invertible endpoints. Let K : [a, h] ^{W © V, H2) be a stabilizer of 
T. Modulo the canonical isomorphism detT = det(kerT;^) ® (det\^)*, the 
isomorphisms (C, 5) at the endpoints and Tf,, 

^Kt ■■ det(ker(rA')t) ® (det V")* — > M, t G {a, 6}, 

are given by 

^ kXv ® PvivY) = {-^f-^ . (C, 7) 

where n := dimV^. The orientation transport along T is given by 

e{T) = sgn {^K, o ^'t„t, o ^'K'l(l)), 
with an isomorphism 

*T.r, : det (ker(T^),) ® (det V^)* ^ det (ker(Tx)6) ® (det y)* 
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induced by a trivialization of det(kerTft:) ® (det V)* [a, b]. Clearly, choos- 
ing a trivialization of ker T^- — * [a, b] yields an isomorphism 

: ker(T^), ^ ker(T^),, 

and we may then take 

Formula (C, 7) implies that for any basis rj G detker(Tx)a, 

o M/^^^^ o vi/-;(i) = (-1)^ . ^ijK^i^'M ® MvT)- (c, 8) 

Now, to use (C, 7) for t := b, we observe that 

^'^iv) ® PvivY = det{<l>y) ■ ® [Pv o ^tiv)]*, (C, 9) 

where : — > ^ is defined by the following commutative diagram: 

ker(T © K), ker(T © K)^ 

[pv (C, 10) 

V ^ V 

Here, the projection Py ■ ker(Tft:)f ^ is an isomorphism because Tt is 
invertible for t G {a,b}. Inserting (C, 9) in (C, 8), we conclude 

o ^T,T, o ^^^^(1) = (-1)^^ ■ (-1)^^ ■ det <l>v = det $y. 
Hence, we have proved: 

Lemma (C, 2.3). Let T : [a,b] ^sa{W,H) be a continuous path with 
invertible endpoints, and let K : [a, 6] ^{W © V^H) be a stabilizer ofT, 
and define ■ V ^ V via the commutative diagram (C, 10). Then 

e{T) = sgn(det$v). 

Properties of the orientation transport. The orientation transport has 
some properties which are reminiscent of what we observed for the spec- 
tral flow in Proposition (C, 1.10). Using the definition of direct sum and 
concatenation as given there, we have: 

Proposition (C, 2.4). Let Tq G ,^sa{W,H) be a self-adjoint Fredholm op- 
erator. 

(i) The orientation transport along the constant family Tt :=Tq is 1. 
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(ii) // there exists 6 > such that Tt := Tq +t is invertible for < t < 6, 
then 

e{Tt; 0<t<s) = (_l)dim(kcrT)_ 

Moreover, ifTo, Ti : [a,b] — > ^sa{W,H) are continuous paths. 

(iii) //To and Ti are homotopic relative endpoints, then £:(To) = e{Ti). 

(iv) e(To © Ti) = e(To) ■ e(Ti), where we allow Tq and Ti to he defined in 
different Hilhert spaces. 

(v) e{TQ^Ti) = £:(To) ■ e{Ti), whenever the left-hand side is well-defined. 

Proof. We only prove (ii) and (iii) since the other properties are straightfor- 
ward. We start with the proof of (ii) using the same approach as in Lemma 
(C, 2.3). Letting V := kerTg, we consider 

{Tv)t:W ®V ^ H, {x,v)^TtX + v, te[0,6]. 

The determinant hne bundle det T [0, 6] obtains its line bundle structure 
via the natural isomorphism detT = det(ker Ty) ® {detV)*. The bundle 
ker(Tv') [0,6] is canonically trivial via 

[0,6]xV ^keiTv, {t,v) ^ {v, -tv) . 

Hence, we get an isomorphism 

^ : ker(Ty)o ^ ker(T,)5, {v, 0) ^ {v, -6v) 

which in turn induces an isomorphism on the level of determinants, 

^ToTs ■■ det(ker(Ty)o) ® (detV)* det(ker(Ty)5) ® (detl^)*, 

^®UJ* ^ (g) UJ* . 

Modulo the identification detT = det(ker Ty) (det\^)*, the isomorphisms 
(C, 5) at the endpoints Tq and Ts take the form 

n(7i-\-l) 

^To ■■ det(ker(Ty)o) ® (det V)* M, *To(e ® ^1 = (-1)"+^ ■ 

n(n-\-l) 

■■ det(ker(Ty)5) ® (det V)* ^ M, [r] ® Pvir])*) = (-1) — , 

where n := dimV^. Now, the orientation transport along T is given by 
£(T) = sgn (^'r, o^'toT, o^^^;(l)). 
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From the explicit formula for \I/q one readily gets that Py(^^(0) = (-5)" 
This implies 

Hence, the expressions for "^To and "^Ts imply that 



= (-1)"+^ ■ (-5)" ■ (-1)^ = 5" . 

Since S > 0, the orientation transport along T is 1. 
To prove (iii), suppose that 

S:[a,b]x[0,l]^^,aiW,H) 

is a homotopy connecting Tq and Ti and leaving the endpoints fixed. We 
then consider the determinant bundle det S — > [a, b] x [0, 1]. Note that then, 
we have the following isomorphism of line bundles: 

detTo = detS'lia^fcjxjo} and det Ti = det Slia^ftjxji}. 

Since S leaves the endpoints fixed, we may define for arbitrary s G [0, 1] 

La := det ^(a, s) = det(To)a = det(Ti)a 

and similarly L^. As [a, b] x [0, 1] is contractible, there exists a nowhere 
vanishing section \& : [a, b] x [0, 1] det 5*. Restricting \& to [a, b] x {0} and 
[a,b] X {1}, we get isomorphisms 

: ^ Lb and : La ^ L^. 

As both are induced by \E', they are homotopic in the space of isomor- 
phisms La Lb. This shows that using \E'° and \E'^ as in the definition 
to compute the orientation transport along Tq and Ti respectively, we get 

£(To)=5(Ti). □ 



Orientation transport and spectral flow. The above proposition sug- 
gests an important connection between the spectral flow and the orientation 
transport of a path of self-adjoint Fredholm operators. Since we defined the 
spectral flow only in a more restrictive context, we now consider C^-paths 
and require that W embeds compactly^ in H. 



■^Consequently, elements of ^sa{W, H) have compact resolvent, so that they are auto- 
matically Fredholm. 
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Theorem (C, 2.5). Let T : [a,b] ^sa(W,H) be a continuously differen- 
tiable path. Then 

e{T) = (-l)SFm . 

Proof. Recall that SF(T) is defined as X]tg(afe) sign CT+5(t), where Cr+sit) is 
the crossing operator and 5 > is such that T + 6 is transversal and T + t has 
invertible endpoints for < t < 6. Employing (ii), (iii) and (v) of Proposition 
(C, 2.4), one straightforwardly shows that e{T) = e(T + 6) so that without 
loss of generality, we may assume that T is already a transversal family with 
invertible endpoints and drop 6 from the notation. We are then to show that 

e(T) =(-i)J^te(a,6)*^'g°c'T(t) 

= JJ (_X)sigiiC'TW ^ JJ (^_;L^dim(kerTt) _ (C, 11) 

te(a,6) te{a,b) 

Invoking (v) of Proposition (C, 2.4), we can clearly restrict to the case of a 
continuously differentiable path T : [—1, 1] ^sa(}V,H) with the property 
that Tt is invertible for each t ^ 0. Under this assumption, V := kerTo is a 
stabilizer of T over [—1, 1]. Since ker Ty — > [—1, 1] is a C^-vector bundle over 
a contractible space, we may choose trivializing C^-sections 

ait) : [-1,1] ^kerTy. 

Moreover, we can clearly achieve that (ei(0), . . . , e„(0)) is an orthonormal 
basis of V. Write 

Ciit) = {e^{0) + Wiit),Vi{t)) 

with appropriate C^-maps Wi : [—1,1] ^ W and Vi : [—1,1] ^ V . Note that 
Wi{t) — > and Vi{t) — > as t ^ 0. 

We shall now compute e(T) via e(T\[_tg^to]) by taking the limit to 0. 
For this note that the orientation transport along T|[_(g to] is independent of 
to because T|[_i .^gj and r|[tQ y are paths of invertible operators, thus giving 
no contribution. We use Lemma (C, 2.3) to compute e(T\[-tg,to]) ■ One readily 
checks that the isomorphism '■ V V given by the diagram (C, 10) in 
the situation at hand is uniquely determined by 

^v{vi{-to)) = V,{to). 
Hence, the orientation transport along T|[_tg is given by 

^(^lHo,to]) = sgndet ((t^i(-to), ^^i(^o))) . . • 
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As we want to determine this sign by letting to ^ 0, we write — using that T 
is continuously differentiable — 

= To + tT^ + o(t). 

Since (Tv/)fej(t) = 0, Toej(O) = 0, and twi{t) = o(t), we deduce that 

= {Tv)t{e^{0) + Wi{t),Vi{t)) =ToWi{t)+tT;,ei{0) + v,{t) + o{t) . 

Applying P := Projy = Proj^.^j.-py to the above equation deletes the first 
term, and thus, 

Viit) = -tPr^e,(0) + o{t) 
From this we conclude that for small to > 0, 

det [{v.{-to)Mto)))^^ = det ((^, ^>)^^. 

= det ((PT^e,(0) + ^ , -PT^e,(0) + ^>)^^ . 

This expression allows to perform the limit to 0, which produces 
e{T) = sgndet (( - PT^e,(0) , PT^e,(0)>) 
= sgn ((-!)" det(PT^P)2) = (-!)". 

As n = dim(kerTo), equation (C, 11) is established. □ 
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Spin^ Manifolds 



In this appendix we give a summary of the constructions related to so-called 
spin^ manifolds. First of all, we make some algebraic remarks concerning the 
group Spin'^ and its representation theory. As we assume some familiarity 
with the definition of Clifford algebras, the Spin group, and their repre- 
sentation theory, the presentation in Section 1 will be rather sketchy, not 
containing proofs. We refer to the wide range of literature, in particular 
Lawson & Michelsohn [29], Ch. I, or Berline et al. [5], Ch. 3, for a more 
detailed treatment. 

However, differences between spin'^ and spin become more intriguing when 
we consider the geometric framework in Section 2. Here, we shall go in more 
detail since an understanding of the special nature of spin*^ structures is an 
important prerequisite for studying Seiberg-Witten theory. Once we have 
established a suitable setting in which to define the so-called spin'^ Dirac 
operator, the discussion of the related analytic properties proceeds in almost 
the same manner as for the spin Dirac operator. Hence, in Section 3, we will 
again simply state the results, giving references for the proofs. 

Section 4 contains some material related to the question of how the spin'^ 
Dirac operator depends on the metric. This will be needed when we com- 
pare the structures of Seiberg-Witten moduli spaces for different Riemannian 
metrics. It is placed here in order not to interrupt the line of argument in 
the main part of this thesis. 

1 The group Spin^ 

The Clifford algebra. Let {V, g) be a Euclidean vector space with cor- 
responding Clifford algebra Cl(l^). If V = M", we shall simply write Cl„. 
Recall that Cl(\^) is the associative real algebra generated by 1 and elements 
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of V subject to the relations 

V ■ w + w ■ V = —2g{v, w)l, v,w ^ V. 

We denote the complexified Clifford algebra by 

cr{v) := Cl{V)®C. 

Then Cl^{V) can be interpreted as the Clifford algebra of the complex vector 
space V ^ C endowed with the complex bilinear extension of g. 

The representation theory of the complex Clifford algebra turns out to 
be rather simple. Let n = dim V. 

• If n = 2k, then there exists up to isomorphism exactly one irreducible 
CF(\^)-module, denoted by A, which has dimension 2^. 

• li n = 2k + 1, then there are two irreducible Cl'^(y)-modules, and 
A~, of dimension 2^. 

We recall how to distinguish the inequivalent representations in the case that 
n is odd. Let 

0,^= := zt^lei ■ ■ ■ e„ (D, 1) 

be the complex volume element of the Clifford algebra. Here, for a real 
number a, [a] denotes the greatest integer smaller than a. Then u'^ is an 
involution (irrespective of the parity of n), i.e., {w'^)'^ = 1. Therefore, each 
CF(y)-module splits into ±1 eigenspaces of lj'^. If n is odd, then lj"^ is 
central and therefore, its eigenspaces are Cr(l^)-invariant. Then A^ is the 
irreducible module on which uj'^ acts as ± id. 

Spin and Spin^. Recall that the Spin group associated to (V, g) is defined 
by 

Spin(y) := jt^i ■ . . . ■ Vm I rn even, = l} C C1(V)* , 

where Cl(y)* denotes the group of units in Cl(V^). It turns out that Spin(l^) 
is a compact, connected Lie group which is simply connected if dimV^ > 3. 
We shall always write Spin„ := Spin(]R"). The subspace V of Cl(V^) is 
invariant with respect to conjugation by elements of Spin(y). Moreover, it 
turns out that for each g G Spin(\^), the endomorphism 

V V, V gvg~^ 

is, in fact, in SO(V^) and that the Lie group homomorphism obtained in this 
way, say, 

eo : Spin(V) — . SOiV), (D, 2) 
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is surjective with ker^o = {il}- Therefore, ,^0 gives a twofold covering of 
SO(y) which is universal if dimy > 3. 

Definition (D, 1.1). The complex spin group, Spin''(y), is the group gen- 
erated by Spin(F) and Ui inside the group Cr{V)*. U V = M", we write 
Spin^ := Spin'=(M"). 

Since Ui lies in the center of Cl'^iV) and Spin(V^) flUi = {±1}, it is clear 
that 

Spin'=(\/) = Spin(\/) x^, Ui, 

where Z2 = {±1} acts diagonally. This action is free, hence Spin''(y) inherits 
the structure of a compact, connected real Lie group. The covering map 
^0 : Spin(y) — > SO(V) gives rise to an exact sequence of Lie groups 

1 — ^ Ui — > Spin''(y) ^ so(y) — ^ i , (d, 3) 

where ^^{[g^z]) := ^o(fl')- Note that this is well-defined since ker^o = ^2- 
Defining ("^{[gyz]) := z^, we obtain another exact sequence 

1 — > Spm{V) — > Spin'=(V^) ^ Ui — >1. (D, 4) 

The maps ^ind induce a two sheeted covering of Lie groups 

e : Spin^(\/) ^ SO{V) X Ui, [g, z] ^ (Ug), • (D, 5) 

Spin representation. Let us now turn to the representation theory of the 
group Spin''. 

Definition (D, 1.2). Let W be an irreducible CF(\^) -module. By restrict- 
ing the action of Cr(l^) we get a representation of Spin'^(l^) on W. The 
representation obtained in this way is called a spin representation. 

Using the classification of irreducible CF-modules and analysing the re- 
striction to Spin'' yields the following: 

• If n is even, then the decomposition A = A+ © A" of the unique 
irreducible CI"- module is Spin '^-invariant, inducing the irreducible half 
spin representations of Spin"; 

• if n is odd, then the two non- isomorphic, irreducible CF-modules give 
rise to equivalent irreducible representations of Spin". 
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2 Spin^ structures 

Let (M, g) be an oriented, n-dimensional Riemannian manifold, and let 
Pso{g) denote its principal SO„-bundle of oriented, orthonormal frames. Be- 
fore we define the notion of a spin'^ structure, we first recall the definition of 
a spin manifold. 

Definition (D, 2.1). A spin structure e on M is a principal Spin^-bundle 
-Pspin(£^) together with a bundle map ^ : Pspmi^) -Pso? which is Spin- 
equivariant with respect to the two sheeted covering • Spin„ — > S0„. 
Here, equivariance means that ^{pg) = ^{p)^o{g) for every p G -Pspin(£^) and 
every g G Spin„. The pair {M,e) is called a spin manifold. 

Imitating the above definition, we now introduce the notion of a spin*^ 
structure: 

Definition (D, 2.2). A spin"^ structure on M, denoted by a, consists 
of a principal Spin^-bundle Pspin'^(o') together with a bundle map ^'^ : 
-Pspin'=(o') Pso which is Spin^-equivariant with respect to the homomor- 
phism : Spin^ — > S0„. The pair (M, cr) is called a spin'^ manifold. 

Another bundle is encoded in the definition of a spin*^ manifold (M, a). 
Recall that to any principal bundle we can associate new principal bundles 
and vector bundles via group homomorphisms and representations of the 
structure group. Hence, via the map : Spin^ Ui of (D, 4) we obtain 
the principal Ui-bundle 

Pui(o-) := Pspin-io-) X^c Ui 

which is the quotient of Pspin<^(cr) x Ui with respect to {p, z) ~ {pg, Q"{g~^)z) 
endowed with the right action of Ui on the second factor. Equivalently, we 
may consider the Hermitian line bundle 

L{a):= Pspm-(f^) x^c C. 

Definition (D, 2.3). The line bundle L{cy) is called the canonical line bundle 
of the spin'^ structure a. Its topological first Chern class is called the canonical 
class and will be denoted by c{a) G H'^{M] Z). 

Remark. 

(i) In the main part of this thesis, we shall also refer to the image of c{a) 
in if^(M;]R) as the canonical class of a. As the meaning should be 
understood from the context, we can avoid a notational distinction like 
"c*°p((t)" and "cg''°'"(a)" . 
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(ii) We note that a spin'' structure could equally well be defined by the 
following data: 

• A principal Ui-bundle Puj^{a) M, 

• a principal Spin^-bundle Pspin'^ (c") M, 

• a Spin^-equivariant bundle map ^ : Pspm'^(o") Pso x -Pui(o")- 

Here, Pso ^ -Pui (<7) denotes the fibre product of the bundles Pso M 
and Pui(o") M. Note that ^ : Pspm'=(o') Pso x -Pui(o") is a twofold 
covering. 

Definition (D, 2.4). Two spin'' structures a and a' on M are called equiva- 
lent if there exists a bundle isomorphism $ : Pspin<^(cr) ^ Pspin=(o"') inducing 
a commutative diagram: 




M (D, 6) 

The set of equivalence classes of spin" structures shall be denoted by 
spin''(M). 

Before we study possible topological obstructions to the existence of spin" 
structures, let us first consider some examples. 

Example (D, 2.5). Each spin structure induces a canonical spin'^ structure. 
Given a spin manifold (M, e), we can form a Spin^-bundle by letting 

-Pspin= := Pspm(£^) Ui , 

where Ui denotes the trivial bundle M x Ui, and Z2 acts diagonally. The 
map C = 2;^ : Ui ^ Ui and the bundle map Pspin(£^) Pso are Z2-invariant 
thus giving a Spin^-equivariant bundle map 

^ : ^Spm(e) Ui — > Pso X Ui . 

Therefore, we obtain the so-called canonical spin^ structure, on M. 

Clearly, the canonical line bundle L{a{e)) is the trivial bundle so that in 
particular, c{a{e)) = 0. 
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We state another example which is important in four dimensional Seiberg- 
Witten theory, especially when dealing with Hermitian or Kahler manifolds: 

Example (D, 2.6). Every almost complex manifold has a canonical spin'^ 
structure. Let M be a 2/c-dimensional Riemannian manifold which admits 
a compatible almost complex structure, i.e., an orthogonal bundle map 
J : TM TM with = — id. Then (TM, J) carries the structure of 
a complex vector bundle of rank k over M with an induced Hermitian met- 
ric. Therefore, the structure group of TM can be reduced to U^, i.e., we 
can construct a principal Ufc-bundle Pufc on M such that (TM, J) is the 
vector bundle associated to Pu^, via the standard representation of Uk on 
C*^. The inclusion i : Uk S02fc gives rise to a group homomorphism 
(i,det) : Uk — > S02fc x Ui. One checks that the fundamental groups are 
related via {i, det)*7ri(Ufc) C ^*7ri(Spin2fc) so that there exists a unique lifting 



Spinf^ 



2k 



[t, aet) 

We now obtain a canonical spin'^ structure aj by letting 

Pspin-i(rj) ■■= Pufc Xj Spin^fc. 

It turns out that the canonical line bundle of the spin^ manifold (M, aj) 
is precisely the dual of K, the canonical line bundle of the almost complex 
manifold (M, J), i.e., 

L{aj) = k^^^TM = K*. 

Principal bundles and Cech cohomology. To understand the topo- 
logical obstructions to the existence of spin'^ structures, we briefly recall the 
interaction between the local description of principal bundles and Cech coho- 
mology. For a more detailed exposition, the reader is referred to Hirzebruch 
[19], Ch. I. 

Let {Ua} be a good open cover of a manifold M, i.e., a covering by 
open sets such that all intersections are contractible. Suppose P — > M is 
a principal G-bundle, where G is a Lie group. Since P can be trivialized 
over {Ua}, we obtain a corresponding family of transition functions {gap '■ 
Ua^Up G} fulfilling the cocycle condition 

QapQH-^ = ga-y OU Ua C] Up D . (D, 7) 
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On the other hand, there is a well-known procedure to define a principal 
G-bundle given such a family of transition functions. Two cocycles {Qa/s} 
and {g'ais} define isomorphic G-bundles if and only if there exists a family 
{$a : Ua — ^ G} such that 

g'^f^ = on U^nU(3. (D, 8) 

More generally, let /i : G ^ if be a Lie group homomorphism and Q ^ M 
a principal ii-bundle with transition functions {hajj : Ua^Up ^ H}. A 
bundle map ^ : G ^ H which is equivariant with respect to /i turns out to 
be the same as a family {$„ : Ua H} satisfying 

hafi = on UanUfS. (D, 9) 

Let G be the sheaf of germs of differentiable G-valued functions on M. Then 
formula (D, 7) is exactly the condition for the Cech 1-chain {gap} to define 
an element 

[gai3]eH\M;G)} 

Furthermore, equation (D, 8) is equivalent to [ga/s] = [g'ais] ^ H^{M]G). 
Hence, there is a natural correspondence between the isomorphism classes of 
principal G-bundles and the first cohomology H^{M] G). 

Example (D, 2.7). Consider the exponential sequence 

^ z ^ 1 '^^'^"^ Ui^O. 

As an exact sequence of sheaves it yields a long exact sequence in cohomology. 
The sheaf of germs of differentiable, M-valued functions admits partitions of 
unity and therefore, ii^(M;R.) = for every k > \? This shows that for 
> 1, the connecting homomorphism 

■ H''{M;\l^) H^+\M; Z) 

is an isomorphism. In particular, the set of isomorphism classes of principal 
Ui-bundles is isomorphic to H'^{M; Z). It turns out (cf. Wells [59], Sec. III.4) 

^If G is non-abelian, one can define H^{M;G) in the same way as for abelian G — with 
the difference that it wiil not be a group but oniy a pointed set (with the trivial G-bundle 
as a base point). The long exact cohomology sequence associated to an exact sequence 
of sheaves (sec [19], Sec. 1.2) then terminates at the level if a non-abelian group is 
involved. Note that this sequence is then an exact sequence of pointed sets. 

^Note the difference between H'''{M;R) and the cohomology groups H''{M;R), asso- 
ciated to the sheaf R of locally constant functions. The latter cohomology groups are 
isomorphic to the deRham cohomology. Hence, in general, H'^{AI;M.) ^ 0. 
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that, if P ^ M is a Ui-bundle with transition functions {Xap '■ U^CiUp 
Ui}, then 

5'(M) = ci(P), 
the latter denoting first Chern class of P. 



Local description of spin and spin'^ structures. In this paragraph we 
shall treat only spin structures since the discussion for spin'^ structures is 
completely analogous. 

Let {gai3 : Ua^Up ^ S0„} be a cocycle defining the S0„ bundle of M. 
A spin structure consists of a principal Spin„-bundle Pspin M, given by a 
cocycle {ha/s : Ua^Up ^ Spin^} and a bundle map ^ : Pspin Pso which is 
equivariant with respect to the Lie group homomorphism ,^0 '■ Spin„ S0„. 
According to (D, 9), the map ^ is equivalently given by a family {^q : Ua — ^ 
SOn} satisfying 

9ap{x) = U{x)^o{ha(3{x))^^\x), X E D Up. (D, 10) 

Since all Ua are contractible and ^0 is a covering^ map, we can find maps 
$Q, : ?7q, — > Spin„ such that 

Letting h'^^ := $q,/iq,/3$^^ we obtain a family of transition function defining 
a Spin^-bundle Pgpin —>■ M and a bundle isomorphism $ : Pspin -fspin- 
Hence, Pgpjn and ^' := ^ o define a spin structure which is equivalent to 
the original one. However, equation (D, 10) is simplified since 

gap = a^o(V)^^^ = ^o('^'a)Co(/^a/3)^o($^^) = ^O^h'^f^) ■ 

Hence, modulo equivalence, a spin structure is always given by a cocycle 
{hai3 : f/a n [7(3 — > Spin„} lifting the family {gais} via .^o- Note that this 
implies that the bundle map : Pspin —>■ Pso is given by the family {^a = 
id : J/q — > Spin^}. Mutatis mutandis, the same holds for spin'^ structures. 
For brevity, transition functions with the above property will be called fitting 
cocycles. 

Remark. Notice, however, that isomorphic Spin^-bundles covering Pso can 
give rise to nonequivalent spin structures if the corresponding diagram (D, 6) 
is not commutative. An example for this phenomenon is given by Milnor in 
[39] (see also Lawson & Michelsohn [29], II. 1.14). 



■^Whcn discussing spin'' structures, the corresponding map : Spin^ S0„ is a 
Ui-fibration and thus also has the Hfting property. 
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The set spin'^(M). The above local description yields a possibility to 
analyse the set spin''(M) of all possible spin'' structures on a manifold M. 

Proposition (D, 2.8). Let M be a manifold admitting a spin'' structure. 
Then there exists a natural action 

spin''(M) X H\M-\l^) spin'=(M), 

denoted by 

(a, L) a ® L, 

which is free and transitive. Hence, up to fixing a spin'' structure, spin''(M) 
is isomorphic'^ to H'^{M;Z), cf. Example (D, 2.7). Moreover, 

L{a ^ L) = L{a) ® or, equivalently, c{a ^ L) = c(cr) + 2ci(L) , 

where ci(L) is the first Chern class of L. 

Proof. Let {Ua} be a good open cover of M, and let {ga/s} define the principal 
SO„-bundle of M. Suppose a is a spin" structure, and let {ha/s} be a fitting 
cocycle, i.e., .^g o ha/3 = da/s, where .^q is the group homomorphism of (D, 3). 
Moreover, let L be a Hermitian line bundle and {\a/3 '■ Ua ^ Up ^ Ui} a 
set of transition functions. Then {hap^^ap} fulfills the cocycle condition and, 
since Ui = ker^Q, also lifts the family {ga/s}- Hence, it is a fitting cocycle 
for a spin" structure which we denote by a ® L. One readily checks that 
isomorphic line bundles give equivalent spin" structure. Thus, we obtain a 
well-defined right action of H^{M, Ui) on spin"(M). 

Given another spin" structure a', with fitting cocycle {h'^^}, we have 

^0 ° Kp = ^0° = 9al3 ■ 

Since ker^g = Ui, there exists a family {Xa/s : U^^Up ^ Ui} such that 

Clearly, {Xafs} fulfills the cocycle condition (D, 7) hence defining an element 
in H^{M;l]_^). Therefore, the action is transitive. 

Now suppose that a = a ® L for some line bundle L. This implies that 
the corresponding principal Spin^-bundles are isomorphic, i.e., if [hap] and 
{Xap} are transition functions corresponding to -Pspin'^(c) and L, we can find 
a family : t/^ ^ Spin^} such that 

hapXa/S = ^ahal3^f3^ ■ 

set carrying a free and transitive group action is usually called a torsor. Thus, 
spin'=(M) is an H^{M;Z) torsor. 



160 



Appendix D. Spin" Manifolds 



Since {ha/s} is a fitting cocycle, the bundle map : Pspin=(cr) Pgo is given 
by the family {^^ := id : Ua ^ S0„}. As the same holds for {ha/sXa/s}, 
commutativity of the diagram (D, 6) implies that 

o = 1, i.e., $a : f/a ker Co = Ui . 

Since Ui lies in the center of Spin^, this shows that necessarily, 

Hence, L is isomorphic to the trivial line bundle. This proves that the action 
of H^{M; Ui) on spin^(M) is free. □ 

We now want to understand the additional structure of spin'^(M) in the 
case of spin manifolds. 

Example (D, 2.9). Let M be a spin manifold and assume that if^(M;Z) 
has no 2-torsion elements. Let e and e' be two spin structures on M and 
let (T{e) and cr{e') denote the corresponding canonical spin*^ structures as 
defined in Example (D, 2.5). According to Proposition (D, 2.8) there exists 
a Hermitian line bundle L that fulfills 

a{e') = a{e) ® L and c{a{e')) = c{a{e)) + 2ci(L). 

Since c{a{e)) = c{(T{e')) = 0, this yields 2ci(L) = 0. Hence, according to our 
assumption ci(L) = 0. Therefore, L is isomorphic to the trivial line bundle, 
i.e., a{e) is equivalent to cr(e'). This shows that all spin structures on M 
induce equivalent spin'^ structures. We conclude that on a spin manifold M 
there is a canonical "origin" of spin'^(M), whenever there are no 2-torsion 
elements in if^(M;Z). 



Existence of spin'^ structures. The interplay between the local description 
of principal bundles and Cech cohomology lies at the heart of understanding 
possible topological obstructions to the existence of spin'^ structures. 

The canonical group homomorphisms described in Section 1 can be as- 
sembled in the following commutative diagram, which has exact rows and 
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columns. 



Ui 



Ui 



Spin„ — S0„ > 1 



Spin^ 
Ui 



SO, 



1 1 

The corresponding commutative diagram in Cech cohomology reads 



H\M- Z2) ^H\M- Spin) ■ 



H\M;\l^) >H\M- Spin^ 



H\M;\l,: 



5|o 



H\M;SO)^^H\M- Z2) 
(M; SO) -^^H\M- Ui) 
ff2(M;Ui) 



Here, the 6^ denote the various connecting homomorphisms. According to 
the preceding considerations, we can interpret a spin structure on M as an 
element [ha/3] G H^{M] Spin^) which is mapped to [gajd], i-e., 

^o[hap] := [^0 O hap] = [gap]- 

It now follows from the exactness of diagram (D, 11) that there exists a spin 
structure on M if and only if 



w, 



a/37 J 



Si[gap]=0eH\M;Z2) 



(D, 12) 



In the same way, we conclude that there exists a spin'' structure on M if and 
only if 

W = e H\M;\l,) = H\M-Z) , (D, 13) 
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where the isomorphism is the one described in Example (D, 2.7). Since 
S^clQa/s] is the image of [1^0/37] in if^(M; U^), M is spin*^ if and only if [tfa/?^] 
is mapped to 0, i.e., if and only if 

K^^] e Im {61 : H\M;\l,) ^ H^M; Z2)) . (D, 14) 

It is not difficult to verify that under the isomorphism if^(M;U^) = 
i7^(M;Z), the connecting homomorphism 6^ corresponds to mod 2 reduc- 
tion H'^[M]'L) — s> H"^ {M ; 7^2) ■ Therefore, we can reformulate the above in 
the following way: M is spin" if and only if [wap-y] is the mod 2 reduction of 
an integral class. 

The diagram also shows that a lift of [gap] to a Spin^-bundle [h"^p] e 
(M; Spin'^) gives a Ui-bundle via 

[Kp] ■■=C[Kp\ = [CoK,] 

This Ui-bundle is the canonical line bundle of the spin'^ structure (cf. 
Def.(D, 2.3)). By commutativity of the diagram (D, 11) we conclude that 

hence — in retrospect — condition (D, 14) for the existence of a spin*^ structure 
(T is fulffiled by the representative of L{a) in if^(M;U^). 

Remark. The class which we have constructed above is a character- 

istic class of M depending only on the homotopy type. It is the so-called 
second Stief el- Whitney class W2{M). The general topological construction of 
Stiefel- Whitney classes can be found in Milnor & Stasheff's book [40]. More- 
over, it can be proved directly (cf. Lawson & Michelsohn [29], Sec. Ill) that 
the class [wq,^^] satisfies the characterizing properties of the second Stiefel- 
Whitney class. 

We summarize the above considerations in the following proposition: 

Proposition (D, 2.10). Let M be an oriented Riemannian manifold. Then 
M admits a spin structure if and only if its second Stief el- Whitney class 
W2{M) G H'^{M;7j2) vanishes. M admits a spin" structure if and only if 
W2{M) is the mod 2 reduction of an integral class. 

Proposition (D, 2.11). Let M be a connected, compact and oriented 3- 
manifold. Then M admits a spin" structure. 

Proof. We use the condition (D, 13). Since M is connected, Ho{M; Z) = Z. 
Then Poincare duality shows that H^{M\'L) = Z as well. In particu- 
lar, H^lM^Z) contains no torsion elements. Therefore, the elements of 
H'^{M; Z2) are mapped to zero in H^{M; Z). □ 
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Remark. It should be pointed out that by making use of more efficient topo- 
logical methods one can prove that every compact and oriented 3-manifold is 
not only spin'' but even spin. Moreover, a famous result by Wu, Hirzebruch 
and Hopf [20] guarantees that every compact and oriented 4-manifold is spin". 

Gauge transformations. Let (M, a) be a spin'' manifold. An automor- 
phism of (M, a) is a bundle automorphism $ : Pspm= (c") Pspin" (c") such 
that the corresponding diagram (D, 6) is commutative. In other words, $ is 
given by a collection of smooth maps {$q, '■ Ua ^ Ui} satisfying 

where {hajj} is a fitting cocycle for a. Since elements of Ui commute with 
elements of Spin^, we conclude that 

^a\uo,nUi3 = ^fsluanUfj- 

Therefore, the family defines a smooth map, say, 7 : M — Ui. 

Definition (D, 2.12). The automorphism group of a spin'^ manifold (M, a) 
is called the group of gauge transformations. It is denoted by Q. According 
to the above, 

^ = C'°"(M, Ui) =i7°(M;Ui). 
Consider the exponential sequence^ 

1 27TiZ — ^ ?R ^ ^ 1, 

and let S : H^{M\ ]J_^ H^{M; l-niE) denote the connecting homomorphism 
in the long exact cohomology sequence. Since li^iL is a subsheaf of the sheaf 
of locally constant iM-valued functions^ on M, there exists a natural map 
E^{M; I'KiL) H^{M] iR). According to the deRham Theorem, H^{M] M) 
is isomorphic to if^j:j(M;M), the space of closed 1-forms modulo exact 1- 
forms. We thus obtain a natural map 

p : H\M; 27riZ) H^niM; iR). 

Using the notation H^j^{M; 27riZ) := imp, we have the map 

po6: H^{M;\l^) H}^{M; 27riZ) 

^Note the difference compared to the sequence in Example (D, 2.7). The modified 
version is more suitable when we consider Ui as a Lie group with Lie algebra iR. 

^Recall that R is the sheaf of differentiablc functions on M; the sheaf of locally constant 
R-valued functions is simply denoted by M. 
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assigning to a gauge transformation a cohomology class of an imaginary 
valued, closed 1-form. Since jM admits partitions of unity, 6 is surjective. 
This implies that the above composition is also surjective. Moreover, 

ker p o 5 = ker 5 = {exp(/) | / G H\M; «)} 

which is essentially the identity component of the group of gauge transfor- 
mations (cf. also Proposition (II, 1.3)). An explicit formula ioT p o 5 is 

po6:H\M;lli)^H',^{M;2mZ), 7 [7-^7] . (D, 15) 

Proof. We use a description of the involved maps as it can be found, for 
example, in Wells' book (cf. [59], Sec. III.4). Let 7 G if°(M;Ui) be a 
gauge transformation and let {Ua} be a good open cover of M. As Ua is 
contractible, 7^ := ■y\uc can be lifted to fa'-Ua^ via exp. Since 7^ = 7/3 
on Ua n Up, 

ff3-fa-Uar]U(3^ 2lTiZ C iR. 

This defines a 27riZ valued Cech 1-cocycle whose cohomology class is ^7. On 
the other hand, each satisfies 

dfa = exp(-/„)(iexp(/a) = j'-^dja ■ 

Therefore, the explicit description of the deRham isomorphism shows that 
p[U - fa] = b-'d^]- Thus, p o 5(7) = [7-M7]. □ 

3 The spin^ Dirac operator 

In this section we shall associate to each spin'^ structure a vector bundle over 
M, which turns out to have a rich geometrical structure. This will give the 
background to introduce the spin"^ Dirac operator. 

Spinor bundles. Any spin"^ manifold is endowed with a vector bundle carry- 
ing reflecting much of the rich geometric structure of the underlying manifold. 

Definition (D, 3.1). Let (M, a) be an n-dimensional spin'^ manifold. If 
p : Spin^ — > GL(A) is a spin representation as in Definition (D, 1.2), the 
vector bundle associated to -Pspin'=(o') via p, i.e., 

S{a) := Pspin- (cr) A, 

is called a fundamental spinor bundle on M. A section ip of S{a) is a spinor 
field or simply a spinor. 
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The action of gauge transformations on -Pspin=(c") induces an action on 
the space of spinor fields which is given by scalar multiplication^ 

g X C^{M, Sia)) C^{M, 5(a)), (7, ^) ^ 7"^ • (D, 16) 

As a result of Proposition (D, 2.8), any other spin^ structure on M is 
equivalent io a <^ L for some appropriate Hermitian line bundle L M. 
The corresponding fundamental spinor bundles are related via 

S{a®L)=S{a)®L. (D, 17) 

Proof. Let {h^p : Ua^^Up Spinjj} be a fitting cocycle for a and {Xap '■ Ua^i 
[/g — > Ui} a family transition functions for L respectively. Then Pspin'=(o"®-^) 
is defined by the cocycle {hapXais} and the associated vector bundle S{a^L) 
is given by {p{hai3Xai3)}- Since Clifford multiplication by scalars is just scalar 
multiplication in A, we obtain 

This implies the asserted formula because the right hand side defines a family 
of transition functions of S{a) ® L. □ 

Example (D, 3.2). Suppose (M, e) is a spin manifold with spinor bundle 
S{e) by means of a spin representation of Spin„. It is easy to check that this 
bundle equals the spinor bundle associated to the canonical spin'^ structure 
(j{e) on M. In combination with Proposition (D, 2.8), the above result shows 
that we obtain any other spinor bundle S{(y) over M by tensoring S{e) with 
a Hermitian line bundle. 



The Clifford bundle. Let (M, g) be an oriented Riemannian manifold. 
Then we can form the Clifford bundle C1(M; g) over M whose fibres consist 
of the Clifford algebras of the tangent spaces®, i.e., 

C\{M-g)^ = C\{T^M-g,). 

This yields a bundle of algebras which is naturally associated to the principal 
SO„-bundle Pso(fi') by means of the canonical representation 

S0„ ^ Aut(Cl„) 

''Whether one lets Q act via 7 or 7^^ is merely a matter of taste. Choosing the inverse 
action for spinors has the advantage that Q must act on gauge fields (cf. (D, 24) below) 
in the usual way. 

*We shall frequently identify C1(M ; g) with the bundle of Clifford algebras associated to 
the cotangent bundle, suppressing the explicit reference to the isomorphism TM — > T* M 
induced by the metric. 
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which is given in the following way: Note that every A E S0„ gives a linear 
map M" Cln, V ^ Av which satisfies 

[Avf = -\Av\H = -\v\^l. 

Hence by the universal property of the Clifford algebra, the map v i— > Av 
extends to an algebra automorphism of Cl„. 

On the other hand, each element of Spin^ acts on Cl^ by conjugation. This 
leaves the real subalgebra Cl„ fixed so that there is a canonical representation 

Pc : Spin;^ Aut(Cl„). 

From the definition of • Spin^ S0„ it is immediate that the canonical 
representations of S0„ and Spin^ on Cl„ are related in the following way: 



Aut(Cl, 



Therefore, if (M, a) is a spin'^ manifold, the Clifford bundle coincides with 
the bundle of Clifford algebras associated to -Pspin'=(c'") via pc- 

Let A be a complex spinor module and S{cy) the corresponding spinor 
bundle. For g G Spin^, x G Cl.„ and G A, we have 

{pc{9)x) ■{g-'ip) = {gxg"^) ■{g-i)) = (gx) ■ 

Since both, S{a) and C1(M), are bundles are associated to Pspm'=, the action 
of Cl„ on A thus extends to a global action, i.e., to a bundle homomorphism 

c: C1(M;^) — .End(5(a)). 

Hermitian structure on S{cr). Since a spin representation p : Spin^ 
GL(A) is a representation of a compact Lie group on a complex vector space, 
there exists a Spin^-invariant Hermitian metric (., .) on A. However, it turns 
out (cf. [29], Sec. 1.5) that we can also achieve that 

{c{x)ip, = -{^tp, c{x)f), X G W\ i), i)' G A. (D, 18) 

Here, c : Cl„ — > End(A) denotes the irreducible complex representation of 
Cl„ which induces the spin representation. 

If (M, (yf) is an n-dimensional oriented Riemannian manifold which admits 
a spin'^ structure cr, then the above metric on A extends to a Hermitian 
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metric on the fundamental spinor bundle S{a) = Pspm^io-) Xp Asatisfying 
(D, 18) with respect to the global Clifford multiplication of vector fields (or 
1-forms) on S{a). 

Covariant derivatives on spinor bundles. We assume some familiarity 
with the definition of connections on principal bundles and the correspon- 
dence between them and covariant derivatives on associated vector bundles. 
As a general reference we refer to Kobayashi & Nomizu [26]. Moreover, 
a comprehensive presentation of all definitions and results we need can be 
found in Lawson & Michelsohn [29], Sec. II. 4. 

Let (M, g) be an oriented Riemannian manifold with connection 1-form 
uj = u!^ E f2^(Pso(fi')) ®50„ associated to the Levi-Civita covariant derivative 
V = on {TM,g). Here, so„ denotes the Lie algebra of SO^, i.e., the real 
vector space of skew adjoint [n x n)-matrices endowed with the canonical Lie 
bracket. Suppose that {Ua} is a good open cover of M so that we may choose 
a section = (ei, . . . , Cn) of Pso{g)\ua ^ach a. Then u is determined by 

Uij := {eluj)ij = g(yei,ej) G Q^{Ua) 

and the Levi-Civita covariant derivative over Ua is then locally given by 

V = d + '^oJijJij. 

Here, {Jij} is the standard basis of so.„ which is defined with respect to an 
orthonormal basis^ (ei, . . . , e^) of via JijCk = SikCj — SjkCi. 

Let us now assume that in addition, M admits a spin^ structure a. 

Definition (D, 3.3). The space of connections on the principal t/i -bundle 
Pui(c) is denoted by A{cr). An element of A{cr) is also called a gauge field. 

A{a) is an affine space modelled on iQ^{M), where we identify the Lie 
algebra Ui of Ui with the purely imaginary numbers iM. 

Let us fix A G A{a). Choosing local sections Sq : [/q — > P\j-^{a)\u^, we 
define the imaginary valued 1-forms 

Aa := slA e in\Ua) 

^Note that on the one hand, (ei, . . . ,e„) is an orthonormal basis of M" and on the 
other hand, we use the same notation for the components of a local section Ca of Pso- 
However, this ambiguity should cause no confusion since the components of ea{x) form an 
orthonormal basis for every a; G M. 
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Since Ui is abelian, the family {A^} satisfies 

A-/3 = X^pAaXalS + X^^dXa/S = + X^pdXa/3 , 

where {Aq/j : Ua^Up ^ Ui} is the cocycle given by the sections {sa}. 

The fibre product Pso ^ -Pui(c) ^ M is endowed with a connection uj®A 
induced by the connection 1-forms oj and A. Let ^ : Pspin'=(c") ^ -Pso ^ Pvi (c) 
be the two sheeted covering map encoded in the spin'^ structure a. Since ^ 
is equivariant with respect to 

(eo^a:Spin:;^SO„xUi, (D, 19) 

the product connection uj ® A hfts to a connection on Pspin'=(o") via 

where 

is the Lie algebra isomorphism induced by (D, 19). 

Let us briefly recall an explicit description of $. Since there are some 
subtleties involved, we refer to Lawson & Michelsohn [29], Sec. 1.6, for more 
details. As Spin^ = Spin„ x^^ Ui, there is a canonical isomorphism 

spi< ^ spin„ © iR . (D, 20) 

The Lie algebra spin„ can be identifled with the subspace of Cl„ spanned by 
elements of the form e^ej and endowed with the Lie bracket induced by the 
commutator in Cl„. Then the differential of '■ Spin,^ S0„ at the unit 
element is given by the action of the basis in the following way 

(^o)* : spin„ so„, (^o)*(eiej) := 2Jij . 

The differential of C := : Ui ^ Ui at the unit element is 

^ zR, ia ^ 2ia . 

Therefore, with respect to (D, 20), the isomorphism $ is given by 

^{eiCj^ia) = {2Jij,2ia). (D, 21) 

Definition (D, 3.4). The connection is called the Clifford connection 
on Pspin'=(c") associated to A. 
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The section (e^, s^) : Ua Pso ^ PvAua can be lifted to a section 
ta '■ Ua ^ -fspin= I c/c • Then it follows from (D, 21) that 

i<j 

Here, we are using the local connection 1-forms we described above. 

We now consider a spin representation p : Spin^ —>■ U(A). The connection 
u"^ induces a covariant derivative V"^ on the fundamental spinor bundle S{a). 
It can locally be described by 

\/^^P = dij + U2 ^iA(^i)c{ej)^ + M"^- (D, 22) 

Here, is a, spinor and c denotes Clifford multiplication. Since the repre- 
sentation p is unitary, V"^ is compatible with the canonical metric on S{a), 
i.e.. 

Furthermore, it can be estabhshed (cf. [29], Sec. II.4.11) that satisfies 
the following compatibility rule^° 

V^(c(X)V^) = c(X) V^^ + c{y^X)%l) , (D, 23) 

where X E C°"{M,TM) and i; G C°°(M, S{a)). 

The group of gauge transformations Q = C°°(M, Ui) acts on the set of 
covariant derivatives on S{a) by 

(7, V) I — ^ 7 ■ V := 7"V7. 

Then we conclude from (D, 22) that locally, 

i<j 

= dip + l^ujijc{ei)c{ej)'4) + l{Aa + 2'y~^d'j)i) 

i<j 

Therefore, the natural action of Q on the space of gauge fields is given by 

g ^ A{a) ^ A{a), 7 ■ A := A + 27-^6/7. (D, 24) 

^"This condition can be reformulated by saying that the Chfford muhiphcation c is 
parallel with respect to V"^. 
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The spin"^ Dirac operator. On a spinor bundle, we now want to construct 
a first-order differential operator whose square is a generalized Laplacian. 
This construction has a more general background. We thus briefly recall the 
structure which is needed to carry out the construction in general. 

Definition (D, 3.5). Let E' — > M be a Hermitian or Euclidean vector 
bundle over a Riemannian manifold {M,g). A Dirac structure on E is given 
by the following data: 

• A covariant derivative V on £" which is compatible with the metric, 

• a Clifford structure on E, i.e., a bundle map c : T*M End{E) which 
satisfies 

c(a) o c(a') + c(a') o c(a) = —2g{a, a') idg, 
and which is skew adjoint with respect to the metric on E, 

• the compatibility condition 

V(c(a)e) = c(a)Ve + c(V%)e, e G C°°(M, E), a G n\M) . 

If E carries a Dirac structure, it is called a Dirac bundle over M. 

Equations (D, 18) and (D, 23) show that the canonical metric on a fun- 
damental spinor bundle over a spin'^ manifold M together with the Clifford 
connection satisfies all of the above conditions. We thus obtain: 

Proposition (D, 3.6). A fundamental spinor bundle S{a) over an oriented 
Riemannian spin" manifold (M, a) is a Dirac bundle. 

A Clifford structure yields a bundle map c : T* M ® E ^ E . Moreover, a 
covariant derivative on is a K-linear map V : C°°{E) C°°{T*M (E) E). 
Therefore, 

D :=co V : C°°(E) — >C^{E) (D, 25) 

defines a first-order differential operator. Whenever E is a. Dirac bundle over 
M, the operator P := c o V is called a geometric Dirac operator. 

Definition (D, 3.7). Suppose (M, a) is a spin'^ manifold. Let A G .4.(0") be 
a connection on the Ui-bundle P\j-^{a). The geometric Dirac operator V^, 
given by the Dirac structure (^(cr), V"^, c), is called the spin" Dirac operator 
associated to A. 
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Remark. If (M, e) is a spin manifold, the spin'^ Dirac operator associated to 
the canonical spin'^ structure a{e) and the flat connection on L{a{e)) = Mx C 
is the well-known spin Dirac operator. Hence, on a spin manifold, all spin'^ 
Dirac operators are twisted versions of the spin Dirac operator. 

Properties of X>^. Geometric Dirac operators and, specifically, the spin'^ 
Dirac operator have very important analytical properties some of which we 
state now. The corresponding proofs, which are not easy but standard cal- 
culations, can be found in any textbook on spin geometry or index theory. 

Proposition (D, 3.8). (cf. [29], II. 5. 3). Let E be a Dirac bundle over a 
Riemannian manifold M and let V be the geometric Dirac operator. 

(i) The principal symbol of T)^ satisfies 

a{V\ = -\i\\ eeT*M\{0}, 

i.e., is a generalized Laplacian. In particular, V is an elliptic oper- 
ator. 

(ii) Suppose M is oriented and compact. Then T> is formally self-adjoint 
with respect to the scalar product on C°°{M, E). 

Proposition (D, 3.9) (Weitzenbock Formula), (cf. [29], Thm. D.12). Sup- 
pose (M, 0") is a compact, oriented Riemannian spin'^ manifold. Let T>a be 
the spin'^ Dirac operator associated to a gauge field A G A{(t) . Then 

Here, Sg denotes the scalar curvature of M and Fa is the connection 2-form 
of A. 

Remark. Observe that Fa can be interpreted as an imaginary valued 2- 
form on M since Ui is abelian. Hence, the expression c{Fa) is well-defined. 
Recall that Clifford multiplication by A;-forms is defined via the isomorphism 
of vector spaces h*V = C\{V). 

Using the local description of the Clifford connection (D, 22), one 
straightforwardly establishes the following. 

Lemma (D, 3.10). Suppose M is an oriented Riemannian manifold 
equipped with a spin" structure a. Let A G A[a\ and let a G iQ}{M) be 
an imaginary valued 1-form. Then 
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Remark. If M is an even dimensional oriented Riemannian manifold which 
admits a spin'^ structure, then the fundamental spinor bundle sphts into the 
eigenbundles of the complex volume element u'^ G CF(M). Therefore, Va 
decomposes into the elliptic operators 

If M is compact, then T)^ are Fredholm operators. The famous Atiyah-Singer 
index Theorem relates mdc{T>'^) to an integral over characteristic classes of 
M. However, as we are mainly interested in the three dimensional case, we 
will not go in more detail and refer to the literature for a further discussion. 

4 Dependence on the metric 

At a first glimpse the notion of a spin'^ structure seems to depend on the 
metric g on M, which is encoded in the bundle Pso{g). However, it turns 
out that this is not the case. 

The first observation is that for every Riemannian metric g on M the 
inclusion Pso{9) C -Pgl+ is an equivariant homotopy equivalence, where the 
homotopy inverse is defined via the Gram-Schmidt orthogonalization process. 
Hence, for any fixed principal Ui-bundle Puu the equivariant two sheeted 
coverings of the fibre product Pso(fi') x -Pui are in natural one-to-one corre- 
spondence with the equivariant twofold coverings of Pgl+ ^ -^Ui • Therefore, 
interpreting a spin'^ structure cr as a choice of principal Ui-bundle Pui(c") 
together with a two sheeted covering of Pgl+ ^ -^Ui yields a possibility to 
define a independently of any Riemannian metric. 

Unfortunately, there is no possibility to go on in this way and construct in 
a metric independent way a bundle which corresponds to the spinor bundle 
S{a). The deeper reason for this is that there exists no representation of 
GL^ stemming from some generalization of the spinor representation of S0„ 
(cf. Lawson & Michelsohn [29], II. 5. 23). We thus have to find a procedure to 
identify the spinor bundles S{a; g) and S{a; h) associated to different metrics 
g and h. The material presented here is partly taken from S. Maier's article 
[33] which includes an excellent summary of the results due to Bourguignon 
and Gauduchon in [9]. 

To begin with, we take a brief look on how to compare data on TM 
and T*M for different metrics. Let k : Pso(fi') ^ -fso(^) denote the SO- 
equivariant bundle map induced by Pso(fi') C Pgl+ — ^ Pso(^)- Note that we 
can alternatively describe k in the following way: Let H : TM TM be 
the unique positive bundle endomorphism defined by h{., .) = g{H., .). Then 
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H is symmetric with respect to g, and we have the relation k = H^^^^. The 
map k also gives an operation on T*M via k{a) = a o k~^. 

We need to compare the Hodge-star-operators *g and *h associated to g 
and h respectively. Since for all a,/3 G fl^{M) we have 

aA{k*g k-^/3) = {k-^a A *gk-^/3) o fc"^ 

= g (^k~^a, k~^[3) dvg o k~^ = h{a, P)dvh, 

the result is 

*/j = /c o *g o k~^. (D, 26) 

Observe that we have used dvh = dVg o k which is a consequence of the fact 
that k maps an orthonormal frame of (TM, g) to an orthonormal frame of 
(TM, h). 

In general, k need not give rise to an isometry of Hilbert spaces, 
L^{M,T*M; g) L'^{M,T*M; h), because dvg ^ dvh- We therefore let 

k := ■ k, 

where / is defined via dv^ = f'^dvg, that is, = det k. We then obtain 

/ h{ka,kp)dvh= / f~'^h{ka,kf3)pdvg= / g{a,(3)dvg. 
J M J M Jm 

As a result. A; is a Hilbert space isometry L'^{M,T* M; g) L^{M,T*M; h). 
This gives a possibility to establish a relation between d*^ and d*^: 

d*^ = P o d*« o A;-^ (D, 27) 

Proof. Suppose a G f2-^(M). Then for each (3 G r2-'~^(M), the following 
holds: 

{a,d(3)L2(^h) = (^~^«)C?/^)i2(g) = ('^*'^~^«'/^)L2(g) = {k'^d*'^k~^a,f3)^2^^^ □ 

Note that in contrast to (D, 26) formula (D, 27) contains derivatives of 
/ so that explicit computations are much more involved. 

We will now study the relation between S{a; g) and S{a; h). For this let 
1^ '■ Pspin" io-,g) Pspin'^io'; h) be the Spin'^-equivariant bundle map induced 
by lifting k x id : Psoid) x Puii^^) ~^ PsoW x Pui(c") to the correspond- 
ing twofold coverings, k extends to an isometry k : S{a; g) S{a; h) of 
Hermitian vector bundles. The following is easily established. 

K{c^{a)ip) = c''{k{a))K{ilj). 
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As before, in order to obtain an isometry of Hilbert spaces L'^{M,S]g) 
L'^{M, S] h) we have to define 



Then k provides a suitable instrument for pulhng back the spin^ Dirac op- 
erator on S{a;h) to S{a;g). Let A be a connection on Pui(c")- Then via 
the hft of the corresponding Levi-Civita connection, A gives rise to a covari- 
ant derivative V'^''' on S{a;h). Let V\ denote the associated spin"^ Dirac 
operators on S{a; h). Then 



defines a first-order elhptic operator on S{a; g) which is formally self-adjoint 
with respect to the L^(5f)-metric. Fortunately, we shall not need a more 
explicit description of this operator. For more information concerning these 
points we refer to Maier [33] and Bourguignon & Gauduchon [9]. 



■ K. 



(D, 28) 
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